3.5: Non-homogeneous linear differential equation
a(t)y” +b(t)y +c(t)y = g(t)  where g(t) # 0
Step 1: Find homogeneous general solution to a(t)y” 4 b(t)y’ + c(t)y = 0:
y = c1¢1(t) + ca2(?)
Step 2: Find one non-homogeneous solution to a(t)y”+b(t)y’ +c(t)y = g(t): 4

rmm—— e — i 3

Step 3: Combine these solutions to create general solution to the non-homogeneous

linear DE: [ .
plv g vRahlltes®ry . g (&)
() T g (t) J 7
Compare to linear algebra: non-homogenous solution is a “shifted” version of the
homogeneous solution (suppose solution space is 2-dimensional): / I N £ A,/a

Ax=0 = X=c1V]+cCyVa 50\/\/

Ax=b = x=c¢vi+cava+w

a(t)y” +b(t)y' +c(t)y =0 =  y=ci191(t) + caga(t)
at)y” +o(t)y' +clt)y=9t) = y :\Clw + cada(t) + 9

o + EIL{’) =g ()

Example 1: Solve y" — 49/ + 4y = €3
Step 1: Solve homogeneous version:
V' =4y +4y=0 = r2—4dr+4=0 = (r—-2)2=0 = r=2,2
Thus general solution to homogeneous DE is y = c;e?! + cote?t
Step 2: Find ONE non-homogeneous solution to y” — 4y’ + 4y = 3
3.5 Method of undetermined coefficients — Educated guess: y = Ae3?
Plug in to solve for undetermined coefficient A:

y=Ae® = y =34e% = ¢’ =9Ae%
9Ae3 —4(3Ae%) +4Ae¥ =€ = 9A-12A+4A=1 = A=1

Thus ONE non-homogeneous solution is y = 3

Step 3: Combine these solutions to create general solution to the non-
homogeneous linear DE:

The general solution to nonhomogeneous DE is y = c1e?? 4 cote?t + €3¢



Example 2: Solve y"” — 4y’ + 4y = 2cos(3t) = W/’é} = 4 coS (g‘é "L Bf‘fﬂ (gﬁ

~

Step 1: Solve homogeneous version:

y”—4y’—|—4y=ﬂ0 = r2—4r+4=0 = (r—-22=0 => r=22

Thus general solution to homogeneous DE is y = c1e? + cote?®

Step 2: Find ONE .‘oon-homogeneous solution to vy’ — 4y + 4y = 2c05(3t2 /
3.5 Method of undetermined coefficients — Educated guess: y = W)

Plug in to solve for undetermined coefficient A: y = Acos(3t) + Bsin(3t) p w9 ! 4

= 1y = —3Asin(3t) + 3Bcos(3t) = y"”" = —9Acos(3t) — 9Bsin(3t) 0'( Selv
N g
Yy’ = —9Acos(3t) — 9Bsin(3t) for /AY{
—4y’ = —12Bcos(3t) + 12Asin(3t) — Note switched order of B and A term (=
+4y = +4Acos(3t) + 4Bsin(3t) ’Tmh—f

Yy’ — 4y + 4y = (—9A — 12B + 4A)cos(3t) + (—9B + 12A + 4B)sin(3t).
y" — 4y + 4y = (—5A — 12B)cos(3t) + (124 — 5B)sin(3t)

y" — 4y’ + 4y = 2cos(3t)

(—5A — 12B)cos(3t) + (12A — SB)szn(3t) = 2cos(3t) L O s (3 f’)

]

@—1213:2%(112,4—53:0

From 2nd equation: 5B = 12A and B = 125A

Plug into first equatlon —5A - 12(—5—4) =2

—256A—-144A =10 = -169A=10 = A——@ —

‘ -~ f
Hence B=(F)4=B=(§)(-1) = ~(F)o) = 755
Thus ONE non-homogeneous solution is y = —Tl%cos(Bt) 169 24 oin(3t)
ro

Step 3: Combme these solutlgns to create general solution to the non-
homogeneous linear DE:

4 ‘5(',\0’\ m
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——cos(3t) 169 sin(3t)

1
2t 2t
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Yy = C1€ cote 169



Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y + 4y =lsin(3t) )

9~ = ‘{’(\L)._.,y(t) - A coJ (3“) 4’[35 i (3'.6)(90 NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-
ients for

y" + 4y’ + 4y = dsin(3t)

Y(t) = A COJ[BO 2 BS”\ (? {—)(Do NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-
ients for

y" + 4y’ + 4y = sin(3t) — 8cos(3t)

Y(t) = A o3 (g%) "L”Br n (3 'é') (Do NOT solve!)

Answers:

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y + 4y = sin(3t)

Y(t) = y= Acos(3t) + Bsin(3t) (Do NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y + 4y = 4sin(3t)

Y(t) = y= Acos(3t) + Bsin(3t) (Do NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y + 4y = sin(3t) — 8cos(3t)

Y(t) = y= Acos(3t) + Bsin(3t) (Do NOT solve!)




To solve linear DE ay” + by’ + cy = g1 -ﬂ-* g2 +9g3

Step 1: Solve homogeneous version: ay” 4 by’ + cy = 0 implies
ar? + br + ¢ = 0 implies Yy = c1¢1 + ca0a.

Step 2a: Find one non-homogeneous solution, y = f1, to ay” + by’ +cy =g
Step 2b: Find one non-homogeneous solution, y = fa, to ay” + by’ +cy = g2
Step 2c: Find one non-homogeneous solution, y = f3, to ay’ "+ by’ +cy =gs

Step 3: Combine all solutions to create the general solution to the non-
homogeneous DE:
yw%c_z%mmfg ~
; v

Last step: If IVP, plug in initial values to find the constants c1 and cs.

Guess a possible non-homog soln for the following DEs:

Note homogeneous solution to ¢” +2y" +y =01is
y=cret+cotet sincer? +2r+1=(r+1)(r+1)=0

L)y +2 +y—4e2t 2

Guess: A &
(7.

2.) v +2 +y=4¢

Guess: A €

3.) y”+2y’+y=4€‘t 2 _
Guess: (4 = A i.e‘
= Ae™ s Ad(om o5 ST

But Y= A«{;e’ IS also
49 /hu/%(p/y ‘[y %@.074,“1 /10’)”"9



4)y" +2y +y=t

sy = At JS’

O“

5) Yy +2y +y=1t+1

Guess: (7 'é "{_ 3
6.) y" + 2y +y = dsin(2t) o T A2 T e

Guess: (/] = /} CoJ [26-) {/55\/’7 (Z’é‘)

7.) Yy + 2y +y = 4sin(2t) + Hcos(2t)

Guess: (4 /4‘ ) (ZTL) ~+ g‘s\fﬂ (Z'é)
8) vy + 2y —I—y— Sin t) r§c05(3t!
Guess for step 2a: ACOS (2+) 1 g $/4 (2:6\)
Guessforstepr M = /4[Qf Cgf—) %—85‘/’7 /g'é)
9) o' +2y +y=4sin(2t) +t+1
Guess for step 2a: _ (] = 4 coJS CZ‘G) ‘IL 85‘/14 (Zt)

Guess for step 2b: (/l = C'é_ '7L—E

10.) o +2 +y = 41;5’@'5%) ﬁ = (A,f +g)(ﬁCOS (2'6)‘,' DS/VI &‘(ﬂ))

?

Q

Guess: 7% = A,‘é coS (Z—é) +_/42 Cof[Z'{') +/43 1—457#\ [2’(')1“/4?51,\/26

¢
11.) " +y = 4sin(2t) oh I ne Jz‘fﬁ’\

Guess: U] = A S(n (2'{‘) W _C,isg;h hé
dfzu‘l’ 9 = /}Co;( ’6)7"@{/4(’%} = 7 ferm
12.) o' +y = 4sin(t) IS Also correft %

Guess:




3.5: Solving non-homogeneous linear DE using the undetermined coefficients
method

1.) Step 1: Solve homogeneous version of DE.

2.) Step 2: Guess a non-homogeneous solution with undetermined coeffic-
ients. Plug into the non-homogeneous linear DE to solve for the undetermined

coefficients.

3.) Combing general homogeneous solution with a non-homogeneous solution.

Starting guess:

If ay”’ + by’ + cy = kePt, guess y = AeP?
If ay” + by’ + cy = ksin(pt) + jecos(pt), guess y = Asin(pt) + Bcos(pt)

If ay” + by’ + cy = degree n polynomial,
guess y = a degree n polynomial including all terms
(with undetermined coefficients) including constant term.

If ay” + by’ + cy = a sum, guess a sum (but usually solve separately).
If ay” + by’ + cy = a product, guess a product.

Sometimes the above can be simplified:

If a term does not show up when you take the derivatives of y, you may
be able to omit that term. E.g, y” + w?y = sin(pt) where p # w, then
y = Asin(pt) is a simpler guess that works.

If the above does not work
Try multiplying non-simplified guess by ¢.

Example: If guess is a homogeneous solution, then that will not be a non-
homogeneous solution. Thus must guess something else. Multiplying non-
simplified guess by ¢ until no longer homogeneous works.

Example: If y term missing, and g(t) = degree n polynomial, then will need
to multiply by ¢ so that when you plug in guess, you will have a degree n
polynomial on both sides of equal sign.

Note: you are multiplying the non-simplified guess by ¢. When you take
derivatives of y, you must use the product rule. Thus extra terms appear
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