.5: Non-h li differential ti g
3.5: Non-homogeneous linear differential equation ¥ h X, A FP R ’

a(t)y” +b(t)y’ +c(t)y = g(t)  where g(t) #0

eE=m=— @ sl

Step 1: Find homogeneous general solution to a(t)y” + b(t)y’ + c(t)y = 0:

PP L

y = c1¢1(t) + caa(?)
Step 2: Find one non-homogeneous solution to a(t)y” +b(t)y’ +c(t)y = g(t):
M
Step 3: Combine these solutions to create general solution to the non-homogeneous

linear DE:
y = c1¢1(t) + CZ¢2(t)_+‘ ("
e e et

Compare to linear algebra: non-homogenous solution is a “shifted” version of the
homogeneous solution (suppose solution space is 2-dimensional):

Ax =0 = XxX=c1Vv1+cCcaVy
Ax=b = x=cvi+cve+w

a(t)y” +b()y +c(t)y =0 = y=c1d1(t) + c2a2(?)
at)y” +b(t)y +ct)y =9(t) = y=crdi(t) +cada(l) +¢
— v TV

Example 1: Solve y" — 4y’ + 4y = €3¢ P lvg th %
g =
Step 1: Solve homogeneous version: 0 + 9

Yy — 4y +4y=0 = rP—4r+4=0 = (r—22 =0 = r=2,2
Thus general solution to homogeneous DE is y = c1e?® + cote?
Step 2: Find ONE non-homogeneous solution to y” — 4y’ + 4y = 3
3.5 Method of undetermined coefficients — Educated guess: y = Ae3
Plug in to solve for undetermined coefficient A:

y=Ae¥ = ¢ =34 = y’ =94
0Ae3 — 4(3A4e%) +4Ae¥ =¥ = 9A-12A+4A=1 = A=1

Thus ONE non-homogeneous solution is y = e3t
' &

Step 3: Cé%ine these solutions to create general solution to the non-
homogeneous linear DE:

The general solution to nonhomogeneous DE is y = c1€* + cote® + %
3



Example 2: Solve y” — 4y’ + 4y = 2cos(3t)

Step 1: Solve homogeneous version:

y' —dy' +4y =0 = r2—4dr4+4=0 = (r—2?=0 = r=2,2

Thus general solution to homogeneous DE is y = ¢1€%* + cpte?

Step 2: Find ONE non-homogeneous solution to ww
3.5 Method of undetermined coefficients — Educated guess: y = Acos(3t) + Bsin(3t)

Plug in to solve for undetermined coefficient A: y = Acos(3t) + Bsin(3t)
= 1 = —3Asin(3t) + 3Bcos(3t) = y"’ = —9Acos(3t) — 9Bsin(3t)

y" = —9Acos(3t) — 9Bsin(3t)
—4y’ = —12Bcos(3t) + 12Asin(3t) — Note switched order of B and A term
+4y +4Acos(3t) + 4Bsin(3t)

I

y' — 4y’ + 4y = (—9A — 12B + 4A)cos(3t) + (—9B + 12A + 4B)sin(3t)
y" — 4y’ + 4y = (=5A — 12B)cos(3t) + (12A — 5B)sin(3t)

— 4y L4y = 2608(3t)

_—5A—12B—2an\*:l 12A-5B =0 Zr.—\

From 2nd equation: 5B = 12A and B = 1—%—4 2
<,

Plug into first equation: —54 — 12(—1%—‘4) =2 7f25‘
954 —144A =10 = -1694=10 = A=-12 2
1
Hence B = (2)A =B = (2)(—155) = ~(B) (%) = — 555 ﬁoﬁ(/ﬁ\r
Thus ONE non-homogeneous solution is y = — % cos(3t) — &5 sin(3t)

169

Step 3: Combine these solutions to create general solution to the non-
homogeneous linear DE: ¢

The general solution to nonhomogeneous DE is

10 24
Yy = clezt -+ Cgtezt + —@608(315) — @SZTL(?)t)

2




Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y’ + 4y = sin(3t)

A =, f‘/;':{.f-. . » lnA
y(t) = 1 eostdt 2 = /7142 YDo NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y + 4y = 4sin(3t)

Ay S
wt N e

y(t)=/1CO8 LT) T IML20 (Do NOT solvel)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y’ + 4y = sin(3t) — 8cos(3t)

A

A R oo
Y(t)= /¥ =50 b ST J T DA LS /(Do NOT solve!)

S

Answers:

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y’ + 4y = sin(3t)

Y(t) = y= Acos(3t) + Bsin(3t) (Do NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeflic-

ients for
y" + 4y’ + 4y = 4sin(3t)

Y(t) = y = Acos(3t) + Bsin(3t) (Do NOT solve!)

Give the form of the particular (nonhomogenous) solution with undetermined coeffic-

ients for
y" + 4y’ + 4y = sin(3t) — 8cos(3t)

Y(t) = y = Acos(3t) + Bsin(3t) (Do NOT solve!)




To solve linear DE ay” + by’ +cy = 1 + g2 + g3

L Y
Step 1: Solve homogenecus version: ay” + by’ + cy = 0 implies
G’/f’2 + br +c=0 1mplies Yy = Cl¢1 + ngbg.

Step 2a: Find one non-homogeneous solution, y = f1, to ay” + by’ +cy = ¢1
Step 2b: Find one non-homogeneous solution, y = fa, to ay” + by’ +cy = ¢
Step 2c: Find one non-homogeneous solution, y = f3, to ay” + by’ + cy = g3

Step 3: Combine all solutions to create the general solution to the non-
homogeneous DE:

y=ci1¢1+copo + fi+ fo+ f3

e s a o
:Lgsp step: If IVP, plug in initial values to find the constants ¢; and cs.

Guess a possible non-homog soln for the following DEs:

Note homogeneous solution to y” + 2y’ +y = 0 is
y=cie t +eate tsincer? +2r+1=(r+1)(r+1)=0

1) ' + 2y +y=4e?

| 2
Guess: g — A@

2.) Yy +2y +y=4e'

Guess: (4 = A -
A

3) vy +2y +y=4e?
Guess: A (4 — A ’Zf‘e md[)aﬂ/7é'g-{;
jnce Nomeg
S /,‘ mv/’lz?\
b;; £ it g
€ (s ho lon <"

homo} 5(5"’




4) y"+2y +y=t

Guess: (/l — /\'ﬁ + B

5) ¥y +2y +y=t+1

Guess: (g": Af’f@

6.) v’ + 2y +y = 4sin(2t)

Guess: Y = ACOS(Q—f)%Igf/n [2’6_)

7)Y +2y +y :[;in(%) + 5cos(2t27

Guess: (] &= ﬂfCOS (?;F) —/-f%f/h (2%’)
8) vy +2y +y jsm(2§’ﬁj5;os(3t)j
Guess for step 2a: (GA' = /4'; (oS (2‘(_) + B Sta (2'%—)
{Guess for step 2b: O@ = Aj_ cCod (3+) +- B_, £ tn (3 '6)

P Z

oy +2y +y %sin(% {—i— 1:1
Guess for step Qa: (;?'; A’ oS CZ%') 1L— BS‘/A (’L%)

Guess for step 2b: d-(d/J\ = Ct 1~ .D
10.) y"+2y/+y#%n(2t) _;;l = (AL + B). ((6:05(2{-)_/-7)5,,,(2@

,\,na/d(zV)M:,f_

$
o COombom <

(4 = A, —écoJ[Z{')’/‘AZCOS(Z'F) '{_/43 &sin (Z’é‘)
T ,f-A.f s‘/h[ij

Guess:

11.) v 4+ vy = 4sin(2t :
Guess: _Y = A5 1n (2L need +Bcos(2k)

12.) y" +y = 4sin(t

)
Guess: (0'4_ - A' ﬁ' Sih (@{' >+g_é Cost~

T need cos €M O(JE:Z
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3.5: Non-homogeneous linear differential equation
a(t)y” +b(t)y +c(t)y = g(t)  where g(t) # 0
Step 1: Find homogeneous general solution to a(t)y” + b(t)y’ + c(t)y = 0
y = c1¢1(t) + ca¢a(t)
Step 2: Find one non-homogeneous solution to a(t)y”+b(t)y'+c(t)y = g(¢):
Step 3: Combine these solutions to create general solution to the non-homogeneous

linear DE:
y = c1¢1(t) + c2g2(t) + ¢

Compare to linear algebra: non-homogenous solution is a “shifted” version of the
homogeneous solution (suppose solution space is 2-dimensional):

Ax=0 = x=c1Vv1+cave
Ax=b = x=cvi+cve+Ww

a(t)y’ +b(t)y +c(t)y =0 = y=c101(t) + ca2(?)
a(t)y”’ +b@)y +c(t)y =g(t) = y=-ci1o1(t) +c2d2(t) + 9

Example 1: Solve "/ — 4y’ + 4y = %
Step 1: Solve homogeneous version:
Y — Ay +dy=0 = 12P—4r+4=0 = (r—2)°=0 = r=2,2
Thus general solution to homogeneous DE is y = c1e* + cpte®
Step 2: Find ONE non-homogeneous solution to y” — 4y’ +4y = et
3.5 Method of undetermined coefficients — Educated guess: y = Ae®*
Plug in to solve for undetermined coefficient A:
y=Aedt = y =34 = y"=94e¥
9Ae3t — 4(3Ae%) +44e¥ =¢e3 = 9A-12A+4A=1 = A=1

Thus ONE non-homogeneous solution is y = €3¢

Step 3: Combine these solutions to create general solution to the non-
homogeneous linear DE:

The general solution to nonhomogeneous DE is y = c1e?t + cyte?t + 3t





