7.4-7.6,9.1
Solve the homogeneous linear DE: x’ — Ax =0
x = Ax Guess v = ve'. Plug in to find v and r:

[ve™]" = Ave™ implies rve™ = Ave™ implies rv = Av.

Thus v is an eigenvector with eigenvalue 7.

Note since the equation is homogeneous and linear,

linear combinations of solutions are also solutions:
Suppose x = f3(t) and x = f3(t) are solutions to x’ = Ax.
Then fll = Afl and fgl = Afz

Thus [lel + Cgfz]/ = lell + Cgle = 1 Af] + cr Afs = A(lel + szz).

Suppose an object moves in the 2D plane (the x1, x5 plane) so that it
is at the point (z1(t),z2()) at time ¢t. Suppose the object’s velocity is
given by
x(t) = dx1 + 22,
x5 (t) = bxy

/
Or in matrix form | 7' ) = 4 1 L1
562 5 O ,CU2

To solve, find eigenvalues and corresponding eigenvectors:

‘LT =) = a5 = (r - B)(r + 1),

5 —r

Thus r = —1,5 are eigenvalues.



[@nXe s
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Figenvectors associated to eigenvalue r = —1: (g i) ~ ((1)

Thus x5 is free and x; + %332 =0

Hence the eigenspace corresponding to r» = —1 is
1 1
()= () == (V)
T2 T2 1
-1 . : : :
Thus ( 5 ) is an eigenvector with eigenvalue r = —1
X1 —1 —t - .
Hence = e~ ' is a solution.
o 5

E. vectors associated to e. value r = 5: -1 1) _ (0
5 —9 i) 0

1

1Y . : : :
Thus ( ) is an eigenvector with eigenvalue r = 5
since it is a nonzero solution to the above equation.

Hence (ml) = (1) et is also a solution.
Io 1
Hence the general solutions is = ¢ e "+ co e
o H 1
Or in non-matrix form: z;(t) = —cie™t + cpe

To(t) = 5cret + cpe®t



IVP: 2 (ty) = 29, x2(tg) = 23

0 R
Solve for ¢y, ca: (i%) ) ( ;) et 4 ¢y (1) 5t
2

Or in non-matrix form:

Or in matrix form:

Thus unique solution iff

_e_tO

Fe~to  edto

Wy, f2](to) =

where f;(t) = (_;> e”t,  fat) = (i) e’ and

W f1, £2](to) is the Wronskian of these two vector functions evaluated
at to.

Note: there is a unique solution to IVP iff the solutions f;, f;

are linearly independent iff the vectors <_é), (1) are lin-

early independent. But since these vectors have different eig-
envalues, we know from linear algebra, that they are linearly
independent.

Since we have 3 variables, we can graph a solution to an IVP in R3.
However, sometimes we are interested in how

xq varies with t: 21 = —cie”t 4 cye”?

x5 varies with t: a9 = beye™t 4 coed



xo varies with xq1: Often it is the last pair we are interested in (for
example, location of object in above example or predator vs prey or see
other examples in 7.1).

r1 = —cie "t 4 coedt
To = beie ! + coedt
implies x5 — ;1 = 6c1e7Y, 511 + To = 6ce® = 6eg(e )0

-5
Thus d5x1 + x9 = 6¢o (“"2669”1) is an implicit solution for xq, 5.

To see how x5 varies with xq, it is easiest to draw the direction
field for the z1,z5 plane (the phase plane):

dxl — 4331 + L2,

dro __
dt 5$1
dxo d 5
dt . adr2 __ 1
ThuS dry — dxy = 4x1+x9

The graph of a solution to an IVP in the x1,z2 plane is called a
trajectory.

Some obvious trajectories:

The general solutions is 1 = -1 et + oy ! e’
Io 5! 1

IVP: If (x1(0)> = (_1>, then ¢; =1 and ¢y = 0.

$2(0) 5!
Thus z; = —e ! and 29 = 5e~%. Thus z9 = —5z;.
- . dSUQ _ 5&71 _ 5:111 —
Suppose x9 = —bx: do- = 343 — T3 1—Fa = O

Recall (_51> is an eigenvector.



IVP: If (iIESD = G) then ¢; = 0 and ¢y = 1.
2

Thus 1 = e and x5 = €. Thus 2 = 1.

daﬁg _ 5331 _ 5171 P
d:El T 4:131—|—$2 T 4$1+CB1 o

Suppose o = lx:

Recall (1) is an eigenvector.

/
1\ (a b X1
e (33) = (2 2) (22)
q a b v\ V1 nd a b wy\ w1
uppose ¢ d Vo =17 Vo a e d Wo — T2 Wwo

Then general solution is (xl > — kq (vl ) et 4 ko (w1 ) ezt

L2 V2

a b v\ [avy+bvy\ [ rivg
Observe (c d) (’02) - (CU1+dUQ> - (rlv2)

IVP: If (x1(0)> = (Ul), then k1 =1 and ko = 0.
$2(0) V2

Thus 1 = v1e™? and x5 = voe™t. Thus x5 = 2.

w2
w1

Similarly, if kl = O, To — I1.



Section 3.3: If b> — 4ac < 0, :

Changed format of y = c1e™? + cpe™! to linear combination of real-
valued functions instead of complex valued functions by using Euler’s

formula:
e’ = cos(t) + isin(t)

Hence eldtn)t = gdteint — odticog(nt) + isin(nt)]

Let ri =d+ 1w, ro =d—1n

y = Clerlt + Czergt _ Cle(cH—zn)t + C2e(d—zn)t _ Cledteznt + c2€dt€—znt

= c1e¥[cos(nt) + isin(nt)] + cae¥[cos(—nt) + isin(—nt)]

dt dt dt dt

= c1e cos(nt) + icie® sin(nt) + coe® cos(nt) — icoe® sin(nt)

=(c1 + c2)ecos(nt) + i(cy — ca)e sin(nt)

= kie¥cos(nt) + koetsin(nt) = e¥[kicos(nt) + kysin(nt)]

Section 7.6: (a +d)? —4(ad — bc) < 0. Le., r = Xt iu
Suppose the eigenvector corresponding to this eigenvalue is
i) = [n] =)

Vo £ 1w V9 Wo
Hence the general solutions in unsimplified form:

r1| v + 1wy Abip)t V1 — W1 A—ip)t
=C - € + C2 . e
To Vo + 1W2 Vo — 1W9

U1 + Z"U)l ; V1 — 7;fLU1 i
= : eMetht 4 ¢ . eMeint
Vo + 1W2 Vo — 1W9






L2 L2

/
7.6 Special case: [371] = [—ab 2] [5’31]

b a4 = (a— X\)?+b% = X2 — 2a\ + a® + b?

a— A b ‘

Thus \ = 2a:|:\/4a22—4(a2—|—b2) = QGiém =axbs

/ ;o
[331] [ a b] [331] implies Cf’l = ari +baz2
To —-b a To xo = —bx1 + axs

Change to polar coordinates: 72 = x7 + x5 and tanf = o~
Take derivative with respect to t of both equations:
2rr’ = 2x12) + 2xoxh implies

rr’ = x1(axy + bro) + x2(—bx1 + axs)

2 2 _ 2 2\ .2
= ax] + brizo — br179 + a5 = a(x] + z3) = ar
Thus rr’ = ar? implies % = ar and thus r = Ce?.

(86626’)9/ = 185~ 2 — r1(—bri+azrs)—(azx1+bxa)xo

D) 3
T3 Ty

—bx?+axixo—axiro—br> —b(z2 42 —b(r? 2
_ 1 2 _ (12 2) _ (2):_()8669

— 5 —
5C1 x X

1 1

(sec?0)8’ = —bsec?d implies 6/ = —b and thus 0 = —bt + 6,

Change of basis: Let x = Py. If x’ = Ax, then
[Py] = APy implies Py’ = APy. Thus y' = P~1APy.



Ch 7 and 9

Suppose an object moves in the 2D plane (the x1, x5 plane) so that it
is at the point (z1(f),z2(t)) at time ¢t. Suppose the object’s velocity is
given by

x| (t) = axy + bxa,

xh(t) = cx1 + dxs

/
Or in matrix form (ml) :(a b) <$1>

To solve, find eigenvalues and corresponding eigenvectors:

a—rT b

c  d—r =(a—7r)(d—7)—bc=r*—(a+d)r+ad—bc=0.

Thus r — (a—|—d):|:\/(a—|—2d)2—4(ad—bc)

Case 1: (a +d)? — 4(ad — bc) > 0

Hence the general solutions is (il ) = (vl ) et 4 ¢y (51 ) er2t
2

Case la: r1 > 19 >0
Case 1b: 71 <19 <0

Case 1c: m1o <0< 1y



Case 2: (a +d)? —4(ad — bc) =0

Case 2i: Two independent eigenvectors:

The general solution is (331 ) = (Ul ) e + ¢y (w1 ) et
i) V2 (10))

Case 2ii: One independent eigenvectors:

The general solution is (xl ) = (Ul ) et 4-cy [(Ul ) t+ (wl )] et
Z2 V2 V2 w2

Case 2a: r >0 Case 2b: r < 0

Case 3: (a+d)? —4(ad —bc) < 0. Le., r = XZiu

Suppose eigenvector corresponding to eigenvalue is
(i) = ()= (%)
Vo £ 1wo V9 W9y
Then general solution is
I L Nt V1 . w1 .
[le = cye ([02] cos(ut) [wJ sm(,ut))

+coet ([01] sin(ut) + [w1] cos(,ut))
U2 w2
Case 3a: A >0

Case 3a: A <0

Case 3a: A =0



