Recall that a constant solution is an equilibrium solution. Thus its derivative is 0.

To find an equilibrium solution (i.e., constant solution), plug it in (for example, plug in y(¢) = k or
z1(t} = k1, 22(t) = kz depending on variables used and if you have one DE or a system of two DEs).
Since the derivative of a constant is zero, this is equivalent to setting the derivative = 0.

Find all equilibrium solutions and classify them (stable, asymptotically stable, semi-stable, unstable
and if system of DEs, node, saddle, spiral, center). In the case of non-linear system of DEs, state
all possibilities for type of equilibrium solution.

If the (system of) differential equation(s) does not have an equilibrium solution, state so {note 4 of
the following 16 problems below do not have an equilibrium solution).

Hint: The eigenvalues of upper and lower triangular matrices are the diagonal entries.
Note: You do not need to draw any direction fields.

1) o = (y — 3)*(y — 5)° y = 3 is semi-stable, ¥ = 5 is unstable.
2) Y =y?+2 no equilibrium solution.

3.) ¥ = sin(y) y = 2nm is unstable, y = (2n + 1)« is asymptotically stable.

4.) ¢ = sin(t) no equilibrium solution.
5.) ¢ = sin’(y) y = n7 is semi-stable.
6.) ¥ = sin?(t) no equilibrium solution.
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8)z'=4—¢* ¥y =(@+1)(y—z)
If4—9%2 =0, then y = £2

Ify=2,then (z+ 1)(y—z)=(z+1)(2—2z) =0. Thus z = -1, 2.

If y=—-2,then (z+ 1)(y —z) = (z + 1)(—2 — z) = 0. Thus z = —1,-2.
Jacobian matrix: [ Y ~2y | . O h’k O ’L{(lﬂ,_ O+ g |

L’y—2$6—1 $+1_| ?/- - /____/,—/ vy

Foacobian matrix is {g -64] 2‘
} J

Thus (z(t), y(t)) = (—1,2) is 4 stable center or/unstable spiral or asymptotically stable spiral.
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Foy (z,y) = (-1, —2),|Jacobian matrix is [_01 g]

Thus (z(t), y(t)) = (—1,—2) is a stable center or unstable spiral or asymptotically stable spiral.

Fo Jacoblan matrix is l-g _41 }

Thus (z(t}, y(t)) = (—2, —2) is an unstable saddle.

9)z' =z-2, y=2-1 no equilibrium solution.
1 0]
' _
10.) x' = [0 _2J x

One positive (1) and one negative eigenvalue (-2). Thus (z1(t),z2(t)) = (0, 0) is an unstable saddle.

1 0
’
11) x/' = [5 _2] x

One positive (1) and one negative eigenvalue (-2). Thus (z1(t),z2(¢)) = (0, 0) is an unstable saddle.

; |10 1
12.) x —|:_1 ol *

Purely imaginary eigenvalues 4, —i. Thus (z1(t), z2(¢)} = (0,0) is a stable center.

, {10
13.)x_[5 2}:{

Two positive eigenvalues 1, 2. Thus (z1(t), z2(t)) = (0,0) is an unstable node.

! 0 1
14.) x' = [_5 _2] X

Two complex eigenvalues, —1 = 2¢, with negative real part. Thus (z1(t),z2(t}) = (0,0) is an asymp-
totically stable spiral.

15.) x' = [_5 2}3{

Two complex eigenvalues, 1 & 2i, with positive real part. Thus (z1(t),z2(t)) = (0,0} is an unstable
gpiral.

-1 0
"
16.) x —[ 5 _2]){

Two negative eigenvalues -1, -2. Thus (z1(¢), z2(t)) = (0,0) is an asymptotically stable node.



Suppose an object moves in the 2D plane (the z1,z2 plane) so that it
is at the point (x1(t),z2(t)) at time ¢. Suppose the object’s velocity is

given by x| (t) = axq + bz,

zh(t) = cxy + dzo

!
Or in matrix form (:El) — (a, b) (331)
9 c d X9

To solve, find eigenvalues and corresponding eigenvectors:

a—7r b

. g_p|=l=r(d=r)—bc=r"—(a+d)r+ad—bc=0.

\ "'"
Thus 7 (a+d):l:\/ a,+2d)2 4(ad—be)

Let p = trace(A) = a + d and let ¢ = detA = ad — bc

pE4/p?—4q
Then r = > ék'w‘

Thus the type of S6h tion depends on (p,q)

/

,  (6) e:a;- e Spiral /& (4) Uhstable Spiral /,f

i . H’ ‘AX'I'B_F izignsn
Saddte Poi ! 3
{2} a?e oint }Saﬁdie? nt _%;{=m+ﬂy v o Ag

http:/ /digital-library.theiet.org/content/journals/10.1049/iet-gtd 20080456 https://en.wikipedia.org/wiki/Phase_plane
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(8} Stable s,;m: {4) Unstakle Spiral

it Center

v {1} Unstable Node

{2} Saddie Point {2} Saddie Point

http:/ /digital-library.theiet.org/content/journals/10.1049 /iet-gtd 2008045¢



Problems 21-23 show the stream plot in the z; — zo-plane for a system of two first order differential

also draw the trajector-
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equations In addition to determining and classifying all equilibrium solutions

z1(0), z2(0)) = (1,2),

(
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(-1, 0). Also describe the basins of attraction.

tisfying the initial values (z1(0),z2(0))
(1(0), z2(0)) =

1e8 sa
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(z1(t), z2(t)) = (0,0) is an unstable saddle.
(1,2) is an asymptotically stable-rede>

(z1(2), z2(2))
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(z1(t), z2(t)) = (0,0) is an unstable node.

No basin of attraction: z;
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Problems 21-23 show the stream plot in the z; — zs-plane for a system of two first order differential
equations In addition to determining and classifying all equilibrium solutions, also draw the trajector-
ies satisfying the initial values {z;(0), z2(0)) = (0,1), (z1(0), z2(0)) = (1,0), (z1(0), z2(0)) = (1,2),
(21(0),z2(0)) = (—-}, 0). Also describe the basins of attraction.
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(z1(t), z2(t)) = (0,0) is an unstable saddle.

(z1(t), z2(t)) = (1,2) is an asymptotically stable node.
basin of attraction: z; > 0.

(x1(t), z2(t}) = (—1,2) is an asymptotically stable node.

basin of attraction: z; < 0.

(z1(2), z2(t))

(z1(t), 22(t)) = (—2,—2) is an asympt. stable spiral.

(2,2) is an unstable saddle.

basin of attraction:

(z1(t), z2(t)) = (0,0) is an unstable node.

No basin of attraction: 0.



3.6 Variation of Parameters Solve ¢ — 2y’ + y = etln(t)
1) Find homogeneous solutions: Solve 4" — 2y +y =10

Guess: y = e™, then y' = re™, y" = r2e™, and

r?e™t — 2re™t 4+ et = 0 implies 72 —2r +1=0
(r —1)> =0, and hence r =1
General homogeneous solution: y = cye* + cotel

since have two linearly independent/solutions: {ef,te'}

2.) Find a non-homogeneous solution:

Sect. 3.5 method: Educated guess

Sect. 3.6: Guess y ={u;(t)e’ + ua(t)te! and solve for u; and uy
|0 b2

u(t) = [ 1 v

[ o000 gy L) gy

e ECA I (G D)
$1 ¢ .
2In In 2
== Jtn(t) = -[-F9 - [4 =50+
¢1 0\
!
1 é1(£)g(t) (') (etin(t
u2(t) = f ¢11 ¢2 f W(c,b)?qgg)dt f e?t ) dt
1 b
= [In(t) = tin(¢) -
o1 @ e te!
Wono2) =g 41|~ et e +te
u=In(t) dv=tdt u=In(t) dv=dt

General solution : y = c1ef+cotet +(—* m(t + )e +(tln(t) —t)tet

which simplifies to y = c1e’ + cote® + (I-T%t) — Z)tzet



Sect.3.6: Guess y = u;(t)e! + ua(t)te! and solve for u; and uy
Yy = ujet +uret + ubte' + ug(et + tet) = 2t + te?t — te?t — 2,

Two unknown functions, u; and we, but only one equation (y” —

2y' + y = €*in(t)). Thus might be OK to choose 2nd eq’n.
Avoid 2nd derivative in y”: Choose u}e’ + uhtet =0
Hence 3’ = uie® + ug(et + tet).

and y” = ule’ + uret + ub(el + tet) + ua(et + e + tet).
= ujet + ujet + ube® + ubte® + ux(2e? + tet).

= uyet + uhet + ux(2e’ + tet).
Solve 3" — 2y’ +y = etln(t)

ue’ +ubet +ug(2et +tet) —2[uy et +ug (et +teh)]-Fu et +ugtet = etin(t)
uhet + 2ugel + ugte! — 2uqel! — 2ustel + ustet = efin(t)
ul, = In(t) or in other words, %42 = [n(t)
Thus [ duy = [ In(t)dt
ug = tin(t) — t. Note only need one solution, so don’t need +C.
y = uy(t)et + [tin(t) — t]te!
ulet + ubte! = 0. Thus uj + ubt = 0. Hence u} = —uht = —tin(t)
Thus u; = — [tn(t)dt = — 2128 4 &

Thus the general solution is

y = cret + catet + (=00 4 £yet 4 (tn(t) — t)te!



