Suppose the following represent direction fields of linear systems of 1rst

order differential equations in the phase plane. What can you say about
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Letv=r , then v =r solutions to these systems of equations.
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Thus we have derived the physics formula, conservation of
energy:
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y' = -3z + 2y




5’ o= 9 - b sta(X)

> DEplot{[diff (x(¢), 1) = y(2), diff (y(£), 8} =-y(#) — 6sin{x(#))} ], [x(#), (1) ], t=-2.9,x=-10
.10,y =-10..10, {[0,-4,-4],[{0,-1,4},{0,4,-4]1,[0,5,5],[0,0,5], [0, 0, -5], [0, 0,
6],[0,0,71, 10,0, -71, [0, 3,3], [0, 4, 4]}, arrows = THICK, stepsize = .01, linecolor
= black, title = "nonlinear”)

o S?’ Hear

&&Hﬁ&&

vy S E LA




streamplot[{y, -y-6sin(x)}, {x,-10, 10},{y, -10, 10}] - Wolfram|Alpha https://www.wolframalpha.com/input/?i=streamplot[ {y, +-y-6sin{x}},*...

Input interpretation:
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[wjth(DEtools) : xla i“ﬁ ’?ﬁ + %_

DEplot{[diff (x(£), £) =x(¢) - x(£) y(1), diff (y(£), 1) ==y(£) +x(1)- y(t)] [x(), ()], t=-2.9,x=
-2.2,y=-2.2, {[0 7,71, [0, 9, 9], [015 151,10, .3, 31, [0,-1,-11, [0,-1, 1], [0, 1,-1],

[0,1,01], [0,- 10][001] 00 -1},

[o,-.3,-.31,10,~.3,.3] [0, 3 31}, arrows = THICK,

stepsize = .01, linecolor = black, title = nonlznear)
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> DEplot([diff (x(1), 1) =x(#) - x(£)- y(8), diff (p(8), 1) =-y(£) +x(2) y(7) ] [x(£), y(#) ), t=-2
.9, x=0.8. 12y 0812{[077],[099][01515][0 3][0 -1,-11, [0,
-1,11,10,1,-11, [0, 1,01, [0,-1,01,[0,0,1], [0,0,-1}, [0,- 3—3][0 3],[0,.3,
- 31}, arrows = THICK, stepsize = .01, linecolor = black, title = "nonlinear’);

nonlinear

i2{ I L L Pttt AR ARR
N L4 L st sbataaduiadadadododados
i L LA i gndmtae oo P Ty B R B K R K

\ L L L L S AL
IR EYS, "X
LI gL d L off L
VAN AN Y A4
le419 A4
P4 11
S 2 i |
i&lll it T
Ed & &+ r?
Y33 r
0o] ¥ ¥ M) LA
TRV Y p o PP
Yy Y A RARRP P
é&\\uﬂﬁnﬂﬂqqaanaaaaz;
DNy, Ny N N e amh s e o W N NP
N8 %% Sy g S e i o o Y SR NN
3.5 0.9 1.0 i1 b2

X



DEplot([diff (x(1), t) =x(2) - x(£)- ¥(1), diff (y(1), 1) ==p(#) +x(2} y(O) ], [x(#), p(1) L, t=-2..9,x =
-9.9,y=-9.9,{[0,.7,.7, [0, .9,.91, 10, 1.5, 1.5}, [0, .3, 3], [0,-1,-1], [0,-1,11, [0, 1,-1],
[0’ 15 0]5 [0’_1: 0]5 [0’ 05 1]2 [09 05_1 ]a [0,‘.3,".3 ]: [O,".3, 3]= [09 -3,_-3]’ [03 55: 5-5]9 [03_5:
-51}, arrows = THICK, stepsize = .01, linecolor = black, title = "nonlinear Y;
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DEplot([diff (x(1), t) =x(#) - x(£)- y(t), diff (y(£), #) ==y(1} +x(2) - y(1) L [x(8),y(0),t=-2.9,x=
-90..90, y =-90..90, {[0,-40,-40], [0,-40,40], [0, 40,-401, [0, 40, 401}, arrows = THICK,
stepsize = .01, linecolor = black, title = "nonlinear bR
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7.6: Complex eigenvalue example: Solve x' = [g 1

Step 1 Find eigenvalues: det(A —rI) =0

det(A —rl) = ‘Sgr 1__1?; =B-r)(1—-r)+65=r2—4r+68=0 | ‘

Thus r = 2% 42’2——4(68) _ 4 42(4—68) _ 4i2\2/_—64 QJP_‘?

Step 2 Find eigenvectors: Solve (A —rI)x =0 - u N S
_ | 3—(2+£85) —13 |18  -13

4 (Qisz)f‘{ 5 1—(2:!:82')]_[ 5 —1;8@]

w10 23
[H;Si —1—:11:381'} [1:1|:38i} - [583:;?)(?1;1;()1(?;2@] - [65+(—(1)+64i2)] - [8]

. :1‘: 81’} is an eigenvector of A with eigen value 2 + &i.

|18 : 13 . 178 -13 1+8 | (O
Note.[ 5 ]1samu1t1p1eof [1212873] smce[ 5 —1:F8i][ 5 ]—{0].

Thus we can use either [1#8{'] = l-l-l + 4 [?l or [
0 |9 LY] L

Thus any non-zero multiple of [

or any nonzero multiple.

General solution:

[2;} = ¢ e ([H cos(8t) — [g

-

M}

sin(St)) + coe?t (lfé |

sin(8t) + m cos(st))
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. dzp _ @ _ %3 _ 3z—13zp
Slope field for zg vs z1: 2 = ey = 3] T Baites

Note slope 0’s occur when 3z; — 13z2 = 0, ie; z2 = .
1Y 3 3

Note slope oo’s occur when 5z1 + 22 = 0, le, z2 = —5z1.
Determine where slopes are positive vs negative for regions between these lines.

For example, along the z axis slope is negative: x; = 0 and %":ﬁ = —_1;3221 =—13

- . S dwy _ 3 3
For example, along the z; axis slope is positive: zz =0 and 32 = 525 = 5





