The LaPlace Transform is a method to change a dif-
ferential equation to a linear equation.

Example: Solv@m) =5,4(0)=6
6 Take the LaPlace Transfo f both sides of the

e. -(é”\
Ly +3 +%) = £0) Mo xg,,rce/

2.) Use the fact that the LaPlace Transform is linear:

R

L(y")+3L(y") +4L(y) =0

3.) Use thm to change this equation into an algebraic
equation:

s*L(y) — sy(0) — ¥/ (0) + 8[sL{y) — y(0)] + 4L(y) = 0
3.5) Substitute in the initial values:

s2L(y) —bs — 6+ 3[sL(y) — 5] +4L(y) =0

55421

Find the inverse LaPlace transform of L P

Look at the denominator first to determine if it is of
the form 52 £ a® or (s — a)"*! or (s —a)? +b? OR.if
you should factor and use partial fractions

§2++3s+4: b —4ac=32—4(1)4)=9-16< 0

Hence 52+ 3s+4 does not factor over the reais. Hence
to avoid complex nurnbers, we won'’t factor it.

52+ 3s+4 isnot an 52 —a? or an s2+a? or an (s—a)?,
so it must be an (s — a)? + b2

Hence we will complete the square:

2+3s+__ —_ +4=(s+__)Y—__+4
Hence sgi-gsj-tl = (s-?—s%-'igi%

4.) Solve the algebraic equation for L(y)
2L (y) — 55 — 6 + 3sL(y) — 15 + 4L(y) = 0
[s2 + 35+ 4]L(y) =55 + 21

L{y) = #52

Some algebra implies £(y) = ;;%3%}_—4

5.) Solve for y by taking the inverse LaPlace trans-
form of both sides (use a table):

~1¢_ Bat21
- (s -?—3.9+4) p

)L Sp /"‘ﬂ/

L7(LL

st £ g

Must now consider the numerator. We need it to

look like s —a = s+ £ or b = 4/ in order to use

L7 (55 ) = e*cosbt
a.nd/or C_l('(mgmg) = e sinbt
Bs+21=5(s+3) -8 +21=5(s+3)- &

—

= 5(s+ 2) ~ [Z4/0/T=50s+ D) - [Z5],/]
s 5(s+3)-[221V/%

— s+3 27
= Slarpiegl — Alerpieg!

z

s+3 7
Thus £ (#8582) =L Bl ey~ B by )

1

5

. s
= 56_%LCOS\/§t - %e_%tsin\/ %t

_ep—1p_ s+3 27 p1 z
=50 i) — L )

Hence y(t) = 56—%tCOS\/§t - %e—%tsinﬂt,
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£ = LHF () F(s) = L{f®)) Notes
I
1 7 s>0 Sec.6.1;Ex. 4
1
e , 5> a Sec.6.1;Ex. 5
s—a
o
',  n = positive integer s":1 , §>10 Sec. 6.1; Prob. 31
P, p>-—1 M, s>0 Sec. 6.1; Prob. 31
SP+-1
. a
sin at 5 = s>0 Sec.6.1; Ex. 7
2 +a
cos at ul , s>10 Sec. 6.1; Prob. 6
52 + a?
sinh at ) ¢ = 5S> |a) Sec. 6.1; Prob. 8
2 —a
cosh at > al T s > laf Sec. 6.1; Prob. 7
52 —aq
e sin bt ; s>a Sec. 6.1; Prob. 13
(s —a)? + b?’
s—a
e cos bt m, S>da Sec. 6.1, Prob. 14
!
"e®, :n = positive integer G _na;)n+1 . $>a Sec. 6.1; Prob. 18
e—cs
u(1) pat s>0 Sec. 6.3
u(f(t —c) e~ F(s) sec. 6.
e“f (1) F(s—0o) Sec. 6.3 l
T— 7% A
fch EP (E) , c>0 Sec. 6.3; Prob. 25
I
ft —ogndr F(S)G(s) Sec. 6.6
0
5(t —¢) e Sec. 6.5
JalI0) SPF(s) — s (0) — - - — FAD(0) Sec. 6.2; Cor. 6.2.
(=D"f(t) F®(s) Sec. 6.2; Prob. 29
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6.3: Step functions.

0 t<ec

Graph u.(t) = { L +> 0

i

g |

|

Graph g(t) = sin(t).




2 £
Graph/f(t) = 2t + ur (t)[sin(t) — 2t] = { i{, iii

£eft e L -"“"2%4*02 = 9¢

L2010 £ ?/J»ﬁ/(smdé) /) =)

2

't 0<t<14
At) = {ln(t) £ >4

implies h(t) = t 4 u‘q [Q Eﬂ“({-)— é]



t 0<t<5
j(t) = {2 5<tg8 implies
et t>8

=+ + Us(6) ]2 —JC_ZJ» i (4)[;2%-—2]

Formula 13: L(uc(t)f(t —c)) = e “°F(s) = €~CSJ(£(€))
= Formyla 3 I




r fi1, ift < 4;
fo, if4<t<5;
fa, if 5 <t <105
\f4, iftZlO;

Example: f(t) = J

Hence
F(t) = £1(8) + wa(@)[f2(t) — f1(B)] + us @) [f3(t) — f2(2))]

+u1o(t) [ fa(t) — f3(t)]
Partial check: 3 Y

ft=3: f(3) = f 3) +0[f2(3) - f1(3)]

6) = 63)) +0[fa(3) - g 0+ +00£2(3) — 53] = £,
WE=9: 7O) = 0+ i ()—f

)= g(oy)jﬂ f3 (9))- #2(9)) + 6F£509) —£3(9)] = £5(9)
Examples:

fy={p >, " implies /) = ug%)fj

=0+, )£ -0

0= (£ 0545 wminfr— £ £ @)
@)= £+ L) [0-+7]

(2l




Formula 13: L(uc(t)f(t — c)) = e~ L(f(t)).

Let g(t) = f(t +¢). Then g(t —¢) = f(t — ¢+ ¢) = f(¢t).
Thus
L(uc(t)f(t)) = L(uc(t)g(t — c)) = e L(g(?))

— e~ L(f(t + ).

or equivalently
For e K (j

o | ) LR+ | ¢

In other words, replacing ¢t — ¢ with ¢ is equivalent to
replacing ¢t with ¢t + ¢

Find the LaPlace transform of the following:

L€ “3s ] 2 C/
— T« L
- *

a.) L(us(t)(t*—2t+1)) = 53§z s |

— & Sz (C{'B) _ (EF3) 4 /)
o127

-'35,](6 i d — 2t—C )
e g

- T )y I + L{j(/)}a“&‘[%,u/(é)?%{




_e_qu(gf(gm) S ¢ board

b) ﬁ(U4(t) (B_St)) = C/Lta( o

c.) L(uz(t)(t%e™))

Find the LaPlace transform of

0 t <3
d) g(t) — {et—B t>3

0 t<3
e.)f(t)={5 3<t<4
t—5 t>4

Formula )éz/@(u (1)f(t— o)) {{é(ﬁ

Let F(s) = L(f(1).

Then £-1(F(s)) = £ (L(F(2) = £(1).

Thus £ (= F(s)) o

Find the inverse LaPlace transform of the following:

a_) ,C._ (8—83 13) . (’[3 (’é) 6364“8‘;‘)

= Uple) £(6-8) wher [ ()= <5
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