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Compare to solving linear homogeneous differential eqn:

Ex ay” + by’ + cy = g(t)

1 ) Easily solve homogeneous DE: ay” + by’ 4+ cy =0
y =€ = ar’+br+c =0 =y ={ci¢1 + caha for
homogeneous solution (see sections 3.1, 3.3, 3. 4)

2.) More work: Find/one solution to ay’ . by —|— cy = g(t)
(see sections 3.5, 3.6)

If y = 7(t)is a soln, then general soln to ay” +by’+cy = g(t)
is '
y =(c1¢1 + oo+ |
Check: a¢! + bdy + ch1 =0
agy + by +cpa =0
ap” + )" + cp = g(2)
To solve ay” + by’ + cy = g1(t) + g2(¢) 4

1) Solve ay’ + by’ +cy =0 = y = c1¢1 + capg for
homogeneous solution.

2a.) Solve ay' + by’ + cy = g1(t) = y=1n
2b.) Solve ay” + by’ +cy = go(t) = y =1

+ 91 + o

Y=adt g
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3.9: Solving 2nd order linear non-homogeneous DE
using method of ‘w-m, coefficients.

2 »

8sin(2t).

le: Solve 3" +4y =

/./i""S?m
Step 1:/Solve homogeneous system, vy + 4y = O
——

r’4+4=0 = r?=—-4 = pr=4/—4=0+2

Hence homogeneous soln is y = ¢1c0s(2t) + cosin(2t)

Step 2a:/Find one solution to y” + 4y = 12t

S
Possible guess: y = At+B, Theny’ = A andy” = 0.
Plug in: 0+4(At+ B) = 12t = 4At+4B =12t +0
Thus 4A=12and4B=0 = A=3and B=0

Thus y = 3¢ is a solution to y” + 4y = 12¢.

Simpler guess: since there is no ¥’ term, we didn’t
need the B term in our guess. We could have gues-
sed’y = At instead for this particular problem (and
other-analogous problems). If you make similar ob-
servations when you do your HW, you can save titie
when you do comparable problems.

1



Step 2b: Find one solution to y” + 4y = 8sin(2t)

Incorrect guess: y = Then y' = 2Acos(2t)

and y’ = —4Asin(2t).

Note: since no y' term, did not include a Bcos(2t)
term 1n guess. . (2_%) s 40/}’*09 V(Jk -w_\\

Plug in: —~4Asm(2t) + 4Asm(2t) = 8sin(2t). )
T b R
Thus /% = 8sin(2t).
Thus equation has no solution for 4. Hence guess is
wrong.

Note this guess is wrong because y = sin(2t) is a
homogeneous solution. This is why we always solve

geneous equations first. If a function is a sol-
ution to a homogeneous equation, then no constant
multiple of that function can be a solution to a non-
homogeneous solution since it is a homogeneous sol-
ution.

If your normal guess is a homogeneous solution:
Multiply it by ¢

until it is no longer a homogeneous solution.




Incorrect guess: y = Atsin(2t).
Then y' = Asin(2t) + 2Atcos(2t) and
y" = 2Acos(2t) + 2Acos(2t) — 4 Atsin(2t)
= 4Acos(2t) — 4 Atsin(2t).

Plug into y” + 4y = 8sin(2t):
4Acos(2t) — 4Atsin(2t) + 4 Atsin(2t) = 8sin(2t)

But this“equation has no solution for A. Note we
need to add a cosine“term to our guess so that we
can cancel out the cosine terton LHS:

Better guess: y = ¢[Asin(2t) + Bcos(2t)].

Best guess: y = Btcos(2t)

Then y' = Bcos(2t) — 2Btsin(2t)
and y" = —2Bsin(2t) — 2Bsin(2t) — 4Btcos(2t)

= —4Bsin(2t) — 4Btcos(2t)
Plug into y" + 4y = 8sin(2t)
—4Bsin(2t) — 4Btcos(2t) + 4Btcos(2t) = 8sin(2t)
—4Bsin(2t) = 8sin(2t) = -4B=8 = B = -2

2



}ﬂ

RHS —— O+

Thus y = —2tcos(2t) is a solution to
y" + 4y = 8sin(2t)

Note: Guessing wrong is NOT a big deal. You can
use your wrong.guess to determine a correct guess
(though guessing right the first time will save you
time).

Recall you are looking for ONE solutlon to your
NON homogeneous equation.

e If you find an infinite number of solns, choose one.
e If your guess gives you one solution, use it.

e If your guess leads to no solutions, than make a,
different (improved) educated guess.

To find general solution to non-homogeneous
LINEAR differential equation: combine all solutions

= cos(2t) + casin(2t) + 3t — 2tcos(2t)

uﬁ 1/7{‘0
L HES
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A



Guess a possible non-homog soln for the following DEs:

;;W(l Note homogeneous solution to y” — 4y’ — 5y = 0 is
y=cre " +cpe’tsince r? —4r —5=(r - 5)(r+1) =0

1.) ¥ — 4y’ — by = 4e*

Guess: U= Ae , ——
S 2

Guess: U = A% +Bﬂ6+ .
[ L Aave Aegree 2 po/ynmu-

3) y —4y —5y—48m(3t) - Guess Vs a(:ajr‘ee ?_/406/

é{ AcosGE) + Bsin CZ{-) Lor s prokble o
7\04 uess. ',_; . .
%y
4.) y" — 4y’ — 5y = 4sin(3t) + 5cos(3t)
Guess: w A Sn (?‘(L) 7 gCoS (3{‘) a
5.) ' — 4y —5y:4e T Nfc "T,J ,..-L;L/\
ff £ —
Guess: U
ﬁ‘f"Lz Sc?lvc 40#\5
6.) vy’ — 4y
Guess: W
0}4,,; A

G i )“//3@ iy

-{-&450'1 €+ BCOS(%) %Aﬂh’{'% ‘;}




8.) y' — 4y — 5y = 4(t? — 2t — 1)e*
2 +
Guess: é/(} 2@{: + [t + C)' @2

. ,J«//
Note €Neoy solutlon to F 6y’ + 9y = ( —/0]15 r P y
— Cl@ 1nce r2 —6r+4+9= (r — 3) ,3) - 0

) " — 6y’ + 9y = Tet

L & @ @ f]\ '-l
2. R W < h f/fb he
sy = LT TN vy )

10.) 3"’ — 6y + 9y = 7e™3 2
Guess: (/] = A @

—
(06 [f\ "kerw‘ﬂost;\’z \ ch’urm

\ ¢
= 0/’7““0 e o U)
11.) y" — 5y = 4sin(3t)

Best Guess: C/) — Af”’ (3_69 T \ZM) H

gb
v\‘f

12.) " -—4y--t2—2t+1 (l;‘/QL

Guess: d /’46 +- B’E '{‘Cﬁ_ —% 50, ‘\4«1'.

C ho ﬂ—f(é-t’/'f"'\
=) neea/ _t. Lerm Jo 9{4 yl‘ Ler m o:./"LZ

Some special cases:




Thm: Suppose c1¢1(t) + capa(t) is a general solution to
ay” + by’ +cy = 0,

If 7 is a solution to
ay” + by’ +cy = g(t) [*],

Then ¢ + c191(t) + c2¢2(t) is also a solution to [*].

Moreover if « is also a solution to 1*], then there exist
constants ci, co such.that

Y =Y+ c191(t) + capa(t)

Or in other words, ¢ +¢1¢1(t) 4 c5d5(t) 15 a general sol-
ution to [*].

Proof:

Define L(f) = af” + bf’ +cf.

Recall L is a linear function.
Aoﬁ dﬁ 5}/1\

Let h'= c101(t) + capa(t). Since h is a solution to the
differential equation, ay” + by’ + cy = 0,

Since 9 is a solution to ay” + by’ + cy = g(¢),



We will now show that 1) +,,c1§151 (1) + cadpo (tﬁz Y+ his
also a solution to [*]

a (Feh )+ L0 + e (FHA)
C& l ”4:’"‘&& ?, + (//)*”(C.A“ +44 ,4~ *[\)

+ O —
Since v a solution to ay” + by’ + c ;
a "+ +cf‘f

A Lf/“ 7“!9%{#(.({/ :‘:j

We will first show that v—1 is a solution to the different-
ial equation ay” + by’ + cy = 0.

a (- Y bV Y e (8-F)

Since v — ¢ is a solution o ay” + by’ + cy = 0 and

c1¢1(t) + copa(t) is a general solution to
ay” +by' + cy =0,

there exist constants cj, ¢y such that

fy@b—fﬁf‘((o/

V\"ht\g homeo s
Thus v = w +'c191(t) + caga(t).




11.) " — 4y’ — by = 4sin(3t) + 5cos(3t)

12.) ¥ — 4y’ — by = 4e~ ¢

To solve ay” + by + cy = 91 (t) + g2(t) + ...gn(¢) [**]

1.) Find the general solution to ay” + by’ + cy = 0:
SRR
C191 + ca¢2

2.) For each g;, find a solution to ay” + by’ + cy = g;:
Y

This includes plugging guessed solution 1; into
ay” + by’ + cy = g;.

The general solution to [**] is
C1p1 + C2¢2 + Y1 + P2 + ..y,
3.) If initial value problem:

Once general solution is known, can solve initial value
problem (i.e., use initial conditions to find cy, ¢3).



