Prook ovt line ¢ .2, 4.2 eXistance §Uhiquess
2.8: Approximating solution using
Method of Successive Approximation

(also called Picard’s iteration method).
1IVP: y’ — f(tay)a y(tO) — Yo-

Note: Can always translate IVP to move initial

Vaglkue to the origin and translate back after solving;:
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Hence for simplicityin section 2.8, we will ssume
initial value is at the origin: v’ = f(¢,y),{y(0) = = 0.

Thm 2.4.2: Suppose the functions
z= f(t,y) and z = g—g(t, y) are continuous on

(a,b) x (c,d) and the point (tg,y0) € (a,bd) x (c,d),
then there exists an interval (tg — h,to+ h) C (a, b)
such that there exists a unique function y = ¢(¢)

defined on (tg — h, to+ h) that satisfies the following
initial value problem:

y, — f(ta y)a y(tO) — Yo-
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Thm 2.8.1 is translated to origin version of Thm 2.4.2:

Thm 2.8.1: Suppose the functions ’@

= f(t,y) and z = af (¢, y) are continuous for all ¢
in (—a,a) X (—c,c),
then there exists an interval (—h, h) C (—a,a) such
that there exists a unique function y = ¢(¢) defined
on (—h,h) that satisfies the following initial value

roblem:

Given: y' = f(t,y), y(0) = O Eqn (*)
( ))u(‘}’v t,y) a,a)(i (—b,b).

. Sasolution to (*) iff ~ -

#(t) = f(t6(1)), #(0) =0 HJOW{ i
'(t) = 3 ) =01 ﬂ_/‘&
.\ ['Ed/,zh .

JEd (s)ds = [T F(s,0(s))ds, (0) = bc /
B(t) = p(t) — $(0) = [y f(s,9(s))ds Somph

PR FT C /
Thus y = ¢(t) is a solution to (*) 7
iff ¢(t) = [y f(s,p(s))ds
L USelcss ,;;Jmm"‘

2US’e do Lind $eqUenc<
Lvncton s — ¢



Glt)= (*L(s,4(s)) Aa

Construct ¢ using method of successive approxim-
ation — also called Picard’s iteration method.

Let ¢o(t) = 0 (or the function of your choice)

Let ¢1W¢0(3))d3
Let da(t) = [ 1(5:1(s))ds
. Zi\b

o= L

LetL hmn__>C>o gbj')@/ «y:* Sd (@(Jc (a/b

To finish the proof need to answer the following
questions (see book or more advanced class): L
(AN

gmc
1.) Does ¢, (t) exist for all n? < / yes M

lme ar (2 °)

2) Does sequence qﬁn converge‘? <~ See pnore JWT;/
@‘(f&/—\—’[‘/a 7-657"62— Don Y ncecl din thos o closs (o gner

cASe
3.) Is ¢(t) = limy,— 00 drn(t) a solution to (*). %
FYT: fFor Speadic cases, Qan fo/"j' /,’
4.) Is the solution unique.
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By (4)= 5" F (s, d,(5) els
Example; y’ =t1t+ 2y That is M =1+ 2y:f/

Let go(t) = 0. cone T O €

Let ¢1(t) = [ f(s,0)ds = [ (s + 2(0))ds

T " 2 Loz )
¢ (€)= % = Osds:%ﬁ):f%t

t v t 2
Q&le(s))ds = [, f(s,%)ds

.
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Let ¢s(t) = [y f(s, 0a(s))ds = [y f(s, % + §)ds

— t S S S
= Jo f(8, 5 + 5 + % )ds
¢ 2 3 4
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Determme formula for ¢,,:
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Note patterns:

t 2 - &
fisds=% = _

t g2 3. 4 | _ ¢
Rja-fi=t [ ab=

v Ve

Jy 3205 = 255 = f’f \ z y
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Thus look for factorials. LY L
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¢O(t) =0 o 2=

L S :
o 2tV
$1(t) =5 = ., KT 2]
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¢2(t)=%+_ . y 3 J»}
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2 3 4 X ’Z,.K r{:( 20% Z*L ‘21{:
bs)=5+5+5= = _—0 T ST 0
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FYI (1e not on quizzes/ exam)

g
Defn: E arz® = lim E apx®
n—o0
k=0
_ - 2 3
= Qa9 + a1 + asx” + asxr” + ....

Taylor’s Theorem: If f is analytic at 0, then for
small z (i.e., = near 0),

. f(k)
oy = 32100,

!
— K

= 1(0) + /() + 5% + L0
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_Iﬁ'x,_l. Example:
k- ©_ pkik
L et = Z — and thug e = Z — jfor t near 0.

k! L
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P (t) = Z Il t

k=2 S
/| mq"@k \
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Thus ¢(t) = lim ¢n(t) =, ~ —T =725t

W=30e" - | -2t
@ 4 ‘/ﬁzv) (= [:2 |
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