Math 3600 Differential Equations Exam #1
March 2, 2016 SHOW ALL WORK

[12] 1.) Find the largest eigenvalue and its corresponding eigenvectors for l?’ (2)]

=(B5-r)(=r)—6=r>—5r—6=(r+1)(r—6). Thus r = —1,6
For r=6: l5;7~ ozr}:l5g6 OEG]Zl_; —2]
3306

Answer: The largest eigenvalue of the above matrix is _6

o . 2
and its eigenvectors are all non-zero multiples of the vector lll

[8] 2.) Find all the singular points of the following differential equation and determine
whether each one is regular or irregular.

23 (x — 3)y" — 62y’ + 92y =0

1!

ly” — my' + my = 0. Thus z = 0, 3 are singular points.

Euler equation: z2y” + azxy’ + By = 0.

Multiply by z?:  z2%y"” — (ﬁ) xy + ﬁy = 0. Thus x = 0 is an irregular singular

point.
Multiply by (z —3)% (2 —3)%y" — (%) (z — 3)y’ + %y = 0. Thus x = 3 is an
regular singular point.

Alternately: lim,_,q m(#“‘_g)) is not finite. Thus x = 0 is an irregular singular point.

limg_s3 (w—S)(%) and limg_,3 (:p—3)2(%) are finite. Thus x = 3 is an regular
singular point.
[20] 3.) Solve 3t

y”—6y’+9y:%

Solve homogeneous equation: y” — 6y’ + 9y = 0.
Guess y = €"*. Then v/ = re"t and y” = r2e™

2 —6r+9=(r—3)2=0. Thusr =3



Thus general homogeneous solution is y = cie3! + cote
Solve non-homogeneous equation: y” — 6y’ + 9y = eti

General non-homogeneous solution is y = c1e3 + cate3 + (ug(t)e3 + ua(t)(te3)) where
we determine u; as follows:

e3t t€3t

363t Bt 4 3Bt | = bt + 3tebt — 3tebt = 0

W (e3t, te3t) =

3t

w(t) = [ ()t = [ e (p)dt = [ Slerdt = — [dt = —t+C)

3e3t 1 o3t Bt g3t
U,Q(t) - I'T(T)dt - IE(T)dt - f% == ln|t| +CQ

NOTE: need only 1 solution for each u; and thus don’t need constants C7, Cs.
Alternate method to find u;: y = uie3t + uste3

Then y' = u}e3t + 3ure3 + ubtedt + us[e3t + 3ted?]

Choose 2nd equation for solving for 2 unknowns wuy, us: Let ue3t + +ubtedt =0
Then y' = 3uje3t + us[e3t + 3tedt]

and 3" = 3uje3 + Juiedt + ubledt + 3tedt] + ua[3e3t + 3e3t + 9ted]

y" = 3ufe3t + ubledt + 3tedt] + Juiedt + un[6e3 + 9te]

y" = (3ufe3t + ubh[3te3t]) + uh[e3] + Quye3t + ua[6e3t + 9ted!]

y" = 3(0) + uhe3t + 9uqe3t + ug[6e3t + 9te3t] = ube3t + Juied + ug(6e3 + 9tet)

Plug into DE:

3t

ube3t + 9uqe3t + ug(6e3 + 9te3t) — 6[3ui et + ug(e3t + 3te3)] + 9u; et + uqted] = <~
2 7
ube3t + (uiedt — 18uredt + Juyedt) + [6ugedt + Juated — 6uged — 18uste® + Juotedt] = 0
whedt = € Thus uf, = 2 =t~ and uy(t) = Inlt
2 t 2 t
ujed + ubte® = 0 implies u)j e + 1te3 =0

Thus vy = —1 and uy (t) = —t

y = c1e3t + cate3t + (—te3t + Inft|(te3?)) = c1e3t + (co — 1)te3t + Inlt|(ted?)

Answer: y = c1e3 + cote® + Int|(ted?)




[20] 4.) Solve a%y” + 8xy’ — 8y = 0.

Guess y = 2". Then ¢/ = ra" ! and ¢/ = r(r — 1)2" 2

Plug y = 2" into z2y" + 8xy’ — S8y = 0.

2?r(r — 1)a" =2 + 8zra™ "1 — 8a" = 0.

(r2 —r)a” + 8ra” — 8z" = 0.

(r2 —r+8r —8)x" = 0.

(r? +7r — 8)z" = 0 implies (r — 1)(r +8) =0. Thus r = 1, -8

Thus y = = and y = 2 are two linearly independent solutions to this 2nd order linear
homogeneous DE.

Answer: y = cix + cox” S




[20] 5.) Seek the power series solution for the given first order differential equation about
the point z¢ = 0:
(x+4)y —2y=0

Note: A solution for this problem is a finite polynomial and thus all but a finite number
of terms will be 0, but you must plug in the infinite series.

Let y =Y 07 yanz™. Theny => "7 jna,z" '

(z+4)y —2y=(z+4)> " japnz™ =23 ja,a”
=z Y o gannx™t+ 43 Japna™ Tt =237 Jana”
=3 pannx™ + > 07 jdaynz™ ™t =3 2a,z"
=3 papnz™ + > 07 dapnz™t = 377 2a,x"
= pannx™ + > 7 jdapii(n+ 1) =3 0 2a,x"
=3 J(apn + 4dapt1(n+ 1) — 2a, )™
=3 olan(n —2) +4da,1(n+1))2™ =0

Thus an,(n —2) + 4ap+1(n+1) =0 for all n > 0

G+l = ﬁan

n = 0: a1:%a0:%a0

n=1: ay = o= %al = %(ﬁao) = 1500

n=2: a3 =%=a, =0

Apt1 = ﬁ(O) =0 for n > 2

Thus y = ap + a1 + a2x? + azz® + ... = ap + 3a0% + 75a02? = ao(l + 32 + 1527)

Check: y' = ao(3 + 32)

(x+4)y —2y = (z+4)(a0)(5 + §2)) — 2a0(1 + Jz + 752°)

=ap(32+ 32 +2+ 20 —-2—x—32%) =0

Answer:  y = ao(l+ 52 + 1527)




[20] 6.) Given the recursive relation a, 492 = 6a,+1 — 9a, where ag = —1 and a; = 3,

prove that a, = 3"(2n — 1). You may use induction.
Proof by induction: First we prove that a,, = 3"(2n — 1) for n =0, 1:
n=0:3°2(0)-1)=-1=aqag
n=13021)-1)=3=a
Induction hypothesis: Suppose ay = 3%(2k — 1) for k = n,n + 1.
Then a, = 3"(2n — 1) and a1 = 3" (2(n+1) — 1)
Claim: a, 2 = 3""2(2(n +2) — 1)
ant+2 = 6an4+1 — 9ay,
=6[3"1(2(n+1) — 1)] = 9[3"*(2n — 1)]
= 2[37*+2(2n + 2 — 1)] — 37+2(2n — 1)
=2[3""2(2n + 1)] — 3"T2(2n — 1)
= 3""2(4n +2) — 3"*2(2n — 1)
= 3" 2[4n + 2 — 2n + 1]
= 37+2[2p + 3]

= 372[2(n + 2) — 1]

Alternative answer (not covered in this class — see MATH:4050 Intro to Discrete Math):

- +2

Guess a,, = . Then a,.1 = 2"*! and a,, 1o = 2"
Then a,,2 = 6a,,+1 — 9a, implies 2" "2 — 62" 4+ 92" = 0.
Hence 2" (2? — 62 + 9) = 2"(x — 3)> = 0. Thus z = 3
Claim: a,, = ¢1(3™) 4 c2(n3™) satisfies a, 12 — 6a,41 + 9a, =0
c1(3"%) + c2((n +2)3"+2) — 6[c (3" 1) + ca((n + 1)3" )] 4 9[e1 (3") + c2(n3")]
= c1[3™2 — 6(3"T1) +9(3™)] + c2[(n + 2)3" 12 — 6((n + 1)3" L) + 9(n3™)]
= c1[3"F2 = 2(3"F2) + (3"72)] + o {n[(3" T2 — 6(3") + 9(3")] +[(2)3"F2 — 6(3" )]}
= c1[0] + c2{n[(3"2 — 2(3"F2) + (3"72)] + [(2)3"+* — 2(3"*?)]} = 0

Thus a,, = ¢1(3") + c2(n3™)



IVP: ap = —1 and a1 = 3,
n=0: —1=c1(3%+c(0) =1
n=1:3=c1(3)+c2(3) = =3 + 3c2. Thus ¢z =2

Hence a, = —(3") + 2(n3") = 3"(2n — 1)



