Math 3600 Differential Equations Exam #1
March 2, 2016 SHOW ALL WORK

[12] 1.) Find the largest eigenvalue and its corresponding eigenvectors for [g g]

|5—'r 2
3 0-—-r

5-r 2 5-6 2 -1 2
F"”_ﬁ'[ 3 o—r]_[ 3 0—6}_{ 3 —6}

s sl =[]

Answer: The largest eigenvalue of the above matrix is _6

=(B-r)(-r)—6=r2—5r—6=(r+1)(r —6). Thusr = —1,6

and its eigenvectors are all non-zero multiples of the vector lﬂ

[8] 2.) Find all the singular points of the following differential equation.arid detérttiine
whether each one is regular or irregular. \

z¥(z - 3)y” — 6zy’ +9zy =0

" —_—
g

__r". - .'|II
"o

ly mZ(S—E) y + Ig(g_s)y = 0. Thus z = 0, 3 are singular points.

Euler equation: z%y” + azy’ + By = 0.

Multiply by z2: 22y _-(a?(:fTsj) zy' + tmg—:?.)y = 0. Thus z = 0 is ad irregular singular
point,

Multiply by (z — 3)%:  (z - 3)%" — (&)= — 3)y' + ﬂ%}—sly =0. Thus z = 3 is an
regglar singular point.

z—3

Alternately: {imy—sq a:(?(s.—)) is not finite. Thus z = 0 is an_irregular singular point.

Ca
limy—3 sﬁ'}(m—{é—%}-) and lim,_,3 :1:—3)‘2@‘2—_,3—).9 are finite. Thusz = 3isan reﬁular

singular point.

[20] 3.) Solve 3t X = 3

, i

Le-'f u= X

Solve homogeneous equation: " — 6y’ + 9y = 0.

o2
Guess ¥ = e™. Then ¢’ = re™ and y"’ = r2e™ .
S 4, "
r2 ~6r+9=(r—32=0 Thusr=3 Nh D)
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[20] 6.) Guentherecurswe relation@nj_z = 6an41 — QJVhere ap = —1 and a; = 3,

prove that an = 3™(2n — l)m._;,You may use induction.

Proof by induéi:ién: Flrst we prove that ap, =3"(2n—1) for n =0, 1:
n=20: 30(2(0)—1)=—1:ao Baf‘e

n=1: 3(2(1) — 1) e ey cad €

Induction hypothesis: Suppose aj = 3%(2k — 1) for k = n,n + 1.)

[no{dcql/a:'\ A)//o

Then a, = 3"(2n — 1) and ap4; = 3" (2(n+1) — 1)
Claim: anio = 3"t2(2(n +2) — 1) o

Ort2 = 6an11 — 9an I [/’l JU c,’f— /l}/p

= 63"+ (2(n + 1) — 1)] — 9[37(2n — 1)] \  Pove

Y )

2’ Cot/g@

= 2[3"*2(2n+2 — 1)] = 3"*%(2n - 1) r @ m 4
= 2[3"2(2n + 1)] — 3"2(2n ~ 1) '
= 3"1t2(4n +2) — 372(2n — 1)
=3""2[4n + 2 ~ 2n + 1]

— 3nt2[2n 4 3

= 3"22(n + 2) — 1]

Alternative answer (not covered in this class — see MATH:4050 Intro to Discrete Math):
Guess a, = z". Then any1 = 2™ and apye = 2"+
Then a9 = 6a,41 — 9a, implies 2”12 — "+ 4 92™ = 0.
Hence z™(z% — 62+ 9) = 2"(zx — 3)2 = 0. Thus z = 3
Claim: a, = ¢;1(3") + c2(n3") satisfies a, 3 — 6an41 + 90, =0
c1(372) + ea((n + 2)37*2) — 6[c; (37+) + ca((n 4 1)37+1)] + 9]c; (37) + co(n3™)]
= ¢1[3"*2 — 6(37*1) + 9(3")] + ca[(n + 2)3™F2 — 6((n + 1)3711) + 9(n3")]
= c1[37F2 — 2(87*2) + (3™*%)] + co{n[(37+2 — 6(37*) + 9(8™)] + [(2)3"+2 — 6(3" )]}
= 1[0 + a{nl(3? — 2(37F) + (372)] 4 [(2)3™2 — 2(37+)]} = 0

Thus ap, = ¢1(3") + c2(n3™)



