Solve x/(t) = [i i] x(t)

Step 1. Find eigenvalues:

1— A 3
A—)\I—| 4 5_)\‘—(1—)\)(5—)\)—12

=N —6A+5-12=X—-6A—-T=A-7)(A+1)=0
Thus A =17,—1

Step 2. Find eigenvectors:

1 -7 3 —6 3
S A N U

v | 5] L) = o

Note the dimension of the nullspace of [_46 _32] is 1.

Or in other words, solution space for

—6 3 1|  |0]. : :
[ 1 _2] [332] = [O] 1s 1-dimensional

Thus a basis for the eigenspace for A = 7 is { [;] }



A= -1 A—(—l)lzllz1 5i1]:[?1 2]

w3612 = o

Thus a basis for the eigenspace for A = —1 is { [_32] }

Thus a basis for the solution space to x’ =

U [ 2] )

Hence the general solution is
1 3| _
x(t) = ¢ [2] e+ co [_2] et

Note we can take any basis for the solution space to create
the general solution

. 20 e | 79| -
Alternate basis: { [4] e't, [ 6 ] e }

Alternate format of general solution:
2 -9 _
x(t) = ¢ [4] et + co [ 6]6 t

13xis
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IVP: x’ — [111 ?]x x(0) = [;]

€| ; 1 I 3 . Cc1 + 302
1= "2 21 =21 7 | 2¢1 — 2¢9
Solve using any method you like. We will use matrix form:
el |1 3 C1
f - 2 =2 (6)

Solution exists if Wronskian evaluated at 0 is not zero.
1| - 31 .\ et 3et
(e 1)) =l B

= —2e% — 6e% = —8e8t £ ()

67t 3€_t
Fundamental matrix: WV(¢) = 0pTt 9t

o 7] s ][
BEANARARI A
o] - 4

But I would prefer a fundamental matrix whose inverse is
easier to calculate, at least when ¢ty = 0.



Thus we will find another basis for the solution set to
x’ = Ax so that the corresponding fundamental matrix @

has the property that ®(0) = [(1) (1)], the 2x2 identity

matrix via long method:

Step 1: Solve IVP: x' = Ax, x(0) = [(1)]

o) =ala] v Bl = e B [2)
o= [ 5] [a]mee [2)-[2 2] L3

. [L1 3 137 -1
1 3 K 8 % ci| |4 8 [1]_ 4
2 —2] 11 [02]_ 11| Y 1
|4 g |4 8 |7
Thus IVP solution where x(0) = [(1)] is
"1 7t 3t
¢ T z¢
X(t)—i[1]e7t+i[ 3]e_t—
2 —2 1,7t _ 1t
| 2 26




Step 2: Solve IVP: x' = Ax, x(0) = [O]

1
O L 1 0 3 O_ ]. 3 Cl
HECIBEEX A EE AT
"1 3 - -3 7
4 8 8
wela)-[ 4]0
C2 11| L1 1
4 8 N 8

Thus another basis for the solution space to x’ = [1 3] X

4 5
(1.7t | 3,.—tT] " 3.7t 3 _—t7)
| 1€ —|-4€ € €
1S ¢ : >
1.7t 1_—t 3.7t | 1 _—t
L L2°€ 2€ 26 T z€ ]

Its corresponding fundamental matrix is

-1 7t | 3 _—t 3.7t 3 _—t]
() 1€ —|-46 g€ €
d(t) =
1.7t 1 _—t 3.7t | 1 _—t
| 2€ 5 € 1€ T z€




e
Thus to solve IVP where x(tg) = [ f] , we solve
1,7t | 3 ,—to 3,7ty _ 3 ,—to ]
Z€70 + Ze s€e'’0 — ze
[€] |4 4 8 8 [61
f 1,70 _ 1,—10 BeTto o 1 ,—10 2
| 2¢€ 2¢ g€ " T ge 7

When ty = 0. IL.e., we have an IVP where x(0) = [;]

- 1,0, 3,0 3,0 _ 3,07
7€ T 7€ S€ — 2€
[e] K 4 8 8 [01]
J 1.0 1.0 3,0, 1,0 €2
| 2€¢ — 3¢ 1€ T 1€

which simplifies to

HEINEH

In other words, ¢c; = e and ¢y = f.

¥ Wolfram

X ={{1,3), 4, B)x 8 |

v”(t)—(l 3)\‘(”
; 4 5)

First—order system of linear differential equations

ji cre” (e’ +3)+ —; et (e - 1)
X(t) =

leret(ef - l)+j1‘c: e (3e® +1)



