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Section 7.5 (where A has 2 real distinet nonzero eigenvalues): Solve x’' = [ ;12 g]

Step 1: Find eigenvalues: X

det(A‘“”—[ 2 ] 2-#)(s-7) %~ (2;)(0) =0
-—) = "'2/ S

Step 2: For each eigenvalue, find one eigenvector. Le., find one NONZERO solution to {A—rI)v =0

9 A(zL)“Afz_Lf—[’zf - Kl"” [0 ;ﬂ

= N

Selve (pr21)V=0 ” z []

) f 7 o]
- <: -8 = | <& O =
4=S: A-51 [1’ e J [21 5
O
Sb/Ue@*‘gZ)‘?:o ; -7 (())Z [4 } - [0]
2 s
N HESHE

2] =26 o7 St
General solution: C[ [3 AZ C f e Z/ € 'é
. C\ G = 2 =0
srect J - [5:1(0)] i E_l] IVP solution: f J <

«_> Initial Value:

i) (0) o 3 ’
For this IVP solution: \\/\

- X [ “3 7

za(t) =
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Give that the solution to x’ = [512

Jx e (s
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Graph the solution to the IVP | ml( ] in the X,_ X/
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t, z1-plane t, Lo- pla.ne mlﬁf{plane
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Graph the solution to the IVP [ml(O)J = [O] in the X I( ) - [ d_z
=] 10 (6.
t, z1-plane t, zo-plane T1,Zo-plane
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The equilibrium solution for this system of equations is [zl] = [
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Find the equilibrium solution(s) for x’ = Ax

Recall a solution is an equilibrium solution iff/x(t) = C)iff/x'(t) = 0
Setting x’ = 0, implies 0 = Ax.

Thus x = C is an equilibrium solution iff it is a solution to 0 = Ax.
Case 1 (not emphasized/covered): det(A) = 0.

In this case, Ax = 0 has an infinite number of solutions. Note this case corresponds to the case
when 0 is an eigenvalue of A since there are nonzero solutions to Av = Ov

Case 2: det(A) # 0.
Then Ax = 0 has a unique solution, x =

Thus if det(A) #0, x = is the only equilibrium solution of x’ = Ax

Slope fields:
* For complex eigenvalue case, one slope is needed.

* For real eigenvalue case, 0 and oo slopes can be helpful and can catch graphing errors, but your
graph does not need to be that accurate.
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Answer the following questions for A = [512 g] :

The smaller eigenvalue of A is r; = 2 . An eigenvector corresponding to ry is v = [ 3

The larger eigenvalue of A is ry = . An eigenvector corresponding to ro is w = [ O
I j

The general solution to x' = Ax is

')? = &4 [(?:(C-gf f‘CLz‘;’}/}ﬁﬂl(_or swdl ¢ )a
—
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For large positive values of ¢ which is larger: e** or e™*? < e consg i.f{‘ A
——ﬁ_

For the following problems, consider the case when ¢; # 0 and cz #0 golution is

v w
XxX=¢ [U:] ent 4 ¢y [ lJ erzt’ q
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U1 -‘ e‘rlt

'UzJ

For large positive values of ¢, which term dominates: ¢ [
eEee——

Thus for large positive values of £, such trajectories (where c¢;ca # () when proje
plane exhibit the following behavior (select all that apgly):

P oS five =KP

* moves away from the origin.

moves toward the origin.

* approaches the line y = mz with slope m = o

* approaches a line ¥ = mz + b for b # 0 with slope m = . Note this case
corresponds to where both ||civ||e™* and ||caw||e™* are large, but one is significantly larger
than the other.

e

z1, Z2 plane exhibit the following behavior (sclect all that apply):

* moves away from the origin.

“* moves toward the origin.

* approaches a line y = mxz + b for b # 0 with slope m = . Note this case
corresponds to where both ||cyv||e™? and ||caw]||e™* are large, but one is significantly larger
than the other.
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Give that the solution to x’ = [ i __05] xis x=¢ [(1)] e % + [ 1] —2t Y( l
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: rz1(0)]  [-17.
Graph the solution to the IVP l‘”2 (0)] = [ 3 | in the
t, z1-plane t, zo-plane 1, T2-plane
. z1{0)| _|0] .
Graph the solution to the IVP [scz (0)] = [ ol the
t, r1-plane t, T9-plane T,, Z2-plane
on€ V"0
The equilibrium solution for this system of equations is | %% | — n“‘”‘w‘ “Y: orat 1
e equilibrium solution for this system of equations is 22|~ . :’_) a" OKV"“) P
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Plot several direction vectors where 3 £.., ~S&
T
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the slope is 0 and where slope is vertical. g’everal trajectories.




Give that the solution to x' = [2 0 x I8 x=¢ |:[1)] e® + ¢y [_1] e2t

Y. -1 x \ L= ,.J X,
2 o " 2- -~
: '-331(0) - r—1- .
Graph the solution to the IVP [wz (0)] — l 3 | in the
t, x1-plane t, zo-plane 1, Tg-plane

. z1(0)] _[o7.
Graph the solution to the IVP [“"2 (0)] = [ 0 in the

t, x1-plane t, To-plane 1, L£e-plane

The equilibrium solution for this system of equations is wl] = [ ] ;
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Answer the following questions for A= [2 0} :

9 5
The smaller eigenvalue of A is r; = . An eigenvector corresponding to ry is v =
The larger eigenvalue of A is 13 = . An eigenvector corresponding to rp is w =

The general solution to x’ = Ax is

t

For large positive values of ¢ which is larger: e™" or erst?

For the following problems, consider the case when ¢; # 0 and ca # 0 where the general solution is
x=¢ | 3] emt 4 g | Y| emt,
V2 w2

]
. . . v w

For large positive values of ¢, which term dominates: ¢ ['vl J et or ¢ [wl] em2t?
| V2 2

Thus for large positive values of ¢, such trajectories (where ¢;ca # 0) when ‘projected into the #17zs
plane exhibit the following behavior (select all that apply):

@ayfmmthe@ Pas_r ‘)L(VC'er

* moves toward the origin.

* approaches the line y = mz with slope m =

* approaches a line y = mz + b for b # 0 with slope m = . Note this case
corresponds to where both ||c1v||e™? and ||caw||e™® are large, but one is significantly larger

than the other.
w1 rot '.—I
* va] o [J ,@

Thus for large negative values of ¢, such trajectories (where cica # 0) when projected into
21, T2 plane exhibit the following behavior (select all that apply):

ﬁ;awayfromthe@ Po Sr rcw-e &[/0
* moves toward the origin,
3 /___ /

approaches the line y = maz with slope m =

For large negative values of ¢ which is larger: e™* or e™!?
i ..

R . . v
For large negative values of ¢, which term dominates: ¢ [ﬂl} et  or
2

*

* approaches a line y = mz + b for b # 0 with slope m = . Note this case

corresponds to where both ||c1v||€™? and ||\caw||e™* are large, but one is significantly larger
than the other.
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Section 7.5 (where A has 2 real distinct nonzero eigenvalues): Solve x' = { ~

Step 1: Find eigenvalues:

det(A—rI):[_z_T _50_’.]= (".' R0 : (__7)(0) 0/[&}04.

-9

Step 2: For each eigenvalue, find one eigenvector. Le., find one NONZERO solution to (A—rI)v = 0
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General solution: X - C[ 3 € 2 ] c
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P il Value: [“Egg] [ 1] IVP solution: %> 3 ] <

For this IVP solution: E

z1(t) = /
z9(t) = @

Solve for :rzm terms of a:’ 0*{ e d <

__Y_z:../
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Give that, the solution to x’ = [_2 0 ] X6 x=¢ [0] e % + ¢ |:_31] et
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Answer the following questions for 4 = [ 9 _5 |:
—J 7]

The smaller eigenvalue of 4 is ry = . An eigenvector corresponding to 1 is v =

The larger eigenvalue of A ig ro = . An eigenvector corresponding to rs is w =

The general solution to x’ = Ax is ,5 e %
— O _,/ -
x=c %] {—62[3je

St

For large/positive values of ¢ which is larger: e™?* or e™*? ~€ ~€

-2t

For the following problems, consider the case when ¢; # 0 and ¢; # 0 where the general solution is

v w
X=c 1.]erlt+02 'wl erzt,

'UzJ

r

I-‘U]_

. . . w
For large positive values of ¢, which term dominates: ¢; l” ] et or ey |_'w1] em2t?
2

Thus for large positive values of ¢, such trajectories (where cica # 0) when projected into the 1, z2
plane exhibit the following behavior (select all that apply):

* moves away from the origin.

* approaches the line y = mz with slope m =

* approaches a line ¥y = ma + b for b # 0 with slope m = . Note this case
corresponds to where both ||c;v||e™? and ||cgw||e™t are large, but one is significantly larger
than the other.

For/large negative values of ¢ which is larger: e™* or €™*?

. f . v w
For large negative values of ¢, which term dominates: ¢ [Ul] ent or e [wl] g2t
> 2

Thus for large negative.values of ¢, such trajectories (where cic; # 0) when projected into the
z1, To-plane exhibit the following behavior (select-ali-that apply): W;/&

* moves away from the origin.

7 * moves toward the origi).

* approaches the line y = max with slope m =

* approaches a line y = mz + b for b # 0 with slope m = . Note this
corresponds to wheréBoth [|c;v||e * and ||cow||e™® are large, but one is significantly larger
than the other.




Find the equilibrium solution(s) for x’ = Ax

Recall a solution is an equilibrium solution iffx(t) = Cjiff x'(t) =0
Setting x’ = 0, implies 0 = Ax.

Thus x = C is an equilibrium solution iff it is a solution to 0 = Ax.
Case 1 (not emphasized/covered): det(A) = 0.

In this case, Ax = 0 has an infinite number of solutions. Note this case corresponds to the case
when 0 is an eigenvalue of A since there are nonzero solutions to Av = Ov

Case 2: det(A) # 0.
Then Ax = 0 has a unique solution, x =

Thus if det(4) #0, x = is the only equilibrium solution of x’ = Ax

Slope fields:
* For complex eigenvalue case, one slope is needed.

* For real eigenvalue case, 0 and oo slopes can be helpful and can catch graphing errors, but your
graph does not need to be that accurate.
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Give that the solution to x' = [ 21 5
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Graph the solution to the IVP rmlgg)J [ in the
2
t, z1-plane t, z9-plane 21, Lo-plane
. [ 21(0) 0} .
Graph the solution to the IVP I.‘”? 0]~ o, in the
t, z1-plane t, ro-plane 21, To-plane
The equilibrium solution for this system of equations is 2:1] =
dag _ [—-l]._.‘) g‘[upO I,,_
d.’l}l
Plot several direction vectors where
Graph several traJe

the slope is 0 and where slope is vertical.




Give that the solution to x’ = [2 0] xis x=¢ [(1)] e’ +

g 5

Graph the solution to the IVP rxl(O)] I in the
| 22(0) 3 |
t, z1-plane t, £o-plane

. $1(0) o 0l .
Graph the solution to the IVP [mz (0)] e [0] in the

t, z1-plane t, £9-plane

1, To-plane

The equilibrium solution for this system of equations is

dyg
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Plot several direction vectors where
the slope is 0 and where slope is vertical.
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Section 7.5 (where A has 2 real distinct nonzero eigenvalues): Solve x’ = 9 X

ka«ﬂf&(«r ’ha‘ﬁﬂfx = e l/aja‘& A€ a,[oﬂ?

Step 1: Find eigenvalues:

det(A-m:[z;’"xE)_r]: ('2.——_1*)(53-4") - ‘T(O) — O
=D 7r=72,5

Step 2: For each eigenvalue, find genvector ILe., find one NONZERQ solution to (A—rI}v =0

re2:. A-21 = [‘7 5]233]
e G2 210y - )
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~—> Initial Value: [ (0)] 31 ] IVP solution:
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za(t) = Y @

Solve for im terms of a: 0( { (/M{ <
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Give that the solution to x' = [2 0] xis xfa [(1‘]] b +162 [

Y, e
Vot
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Graph the solution to the IVP [:c (0)| =
2

t, x1-plane

Graph the solution to the IVP [2%] = [g] inthe =) €, > G = =) !;((Et))
- 2

t, x1-plane X; *';O \[’L t,iz-pla.ne XL-_-. O I1,To-plane
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The equilibrium solution for this system of equations is [zl] = [Cop ] .
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Plot several direction vectors where
the slope is 0 and where slope is vertical.




Give that the solution to x' = [gf g] X is x=¢; |:(1]} et - ¢y [_1] et
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Graph the solution to the IVP 21(0)) _ -1 in th
P © ()| = | 3] T the
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. z1(0)] [0},
Graph the solution to the IVP [mg(O)J = [ OJ in the
t, z1-plane t, zo-plane 1, To-plane
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The equilibrium solution for this system of oquations is | % | = [ f”j&g(_g O
e equilibrium solution for this system of equations is M 0 |- / [ 2) %f
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Plot several direction vectors where
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the slope is 0 and where slope is vertical. . I raph several trajectories.
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Give that the solution to x' = [_3 = ] Xx is x=¢

Graph the solution to the [VP [;EE” = [_; in the
2 ! E

t,x1-plane i, ra-plane

- ; . -'1'1[0]-'_ 0] .
Graph the solution to the IVDP [IE(U}J = [U, in the

t, z1-plane t, wo-planc z1, To-plage

]

The equilibrium golution for this system of equations is ;] = [g ]
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2= = Livg Slope
. 4% O
Plot several direction vectors where
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Find the equilibrium solution(s) for x’ = Ax

Recall a solution is an equilibrium solution iff x(t) = CAff x/(t) =0
Setting x’ = 0, implies 0 = Ax.

Thus x = C is an equilibrium solution iff it is a solution to 0 = Ax.
Case 1 (not emphasized/covered): det(A) = 0.

In this case, Ax == 0 has an infinite number of solutions. Note this case corresponds to the case
when 0 is an eigenvalue of A since there are nonzero solutions to Av = Ov

Case 2: det(A) #0.
Then Ax = 0 has a unique solution, x =

Thus if det(A) #0, x = is the only equilibrium solution of x' = Ax

Slope fields:
* For complex eigenvalue case, one siope is needed.

* For real eigenvalue case, 0 and oo slopes can be helpful and can catch graphing errors, but your
graph does not need to be that accurate.
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Answer the following questions for A = [_2 0] :

21 5
The smaller eigenvalue of A is r; = . An eigenvector corresponding to vy is v =
The larger eigenvalue of A is r9 = . An eigenvector corresponding to rp is w =
The general solution to x’ = Ax is 2‘{—
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For large positive values of ¢ which is larger: €™t 6r e":?

For the following problems, consider the case when ¢; # 0 and ¢z # 0 where the general solutionis

v w
x=oc1 | et +cy 1] erst,
V2 ’w2J

}
For large positive values of f, which term dominates: ¢ [zlj et or e [il] grat?
L V2 2

Thus for large positive values of ¢, such trajectories (where ¢;cz # 0) when projected into the 1, z2
plane exhibit the following behavior (select all that apply):

* moves away from the origin.

* moves toward the origin. /

* approaches the line y = mx with slope m =

approaches a line y = mx + b for b # 0 with slope m = . Note this case
corresponds to where both j|c;v||e™ and ||cow]||e™t are large, but one is significantly larger
than the other.

st e
For large negative values of ¢ which is larger: e™* or €"? €

. . . v w
For large negative values of £, which term dominates: ¢; [vl] et  or ¢ ['wl] erat?
2 2

Thus for large negative values of ¢, such trajectories (where cic; # 0) when projected into the
z1, %2 plane exhibit the following behavior (select all that apply): 2%

—
* moves away from the origin. E—“ J e
* moves toward the origin. 3 / / 3
* approaches the line y = mz with slope m = —/
* approaches a line y = mz + b for b # 0 with slope m = . Note this case

corresponds to where both |lc;v||e™? and |jcaw||e™? are large, but one is significantly larger
than the other.



