Section 5.4 continued

Solve z2y" — 2zy’ = 0 (¥).
We could solve by letting v = ¢, but we will instead use 5.4 methods

. . . . 2 _
Note z is an ordinary point iff x 20 (" — 2y’ =0.)
x = 0 is a singular point.

Note z2z"?r(r — 1) — 2za2"~1r = 0 implies 7* — 7 — 2r = 0 and
recall y = (—x)" gives same equation for r as y = z".
Thus y = |z|" implies r* + (o —1)r+ B8 =7*-3r+0=r(r—3) =0

Thus r = 0,3. Thus y = |z|Y = 1 and y = |z|? are solutions to (*)

Since (*) is a linear equation, the general solution is y = ¢1 + co|z|°.

Note an equivalent general solution is y = ky + kax®.
Both forms are valid for all z.

When is a unique solution to the following initial value
problem guaranteed?

e?y" —2zy’ =0, y(to) =vo, ¥ (to) =vy1 (**)

y" — %y’ =0, y(to) = Yo, y/(to) =

Since % and the zero constant function are continuous on

(—00,0) U (0, 00),

(**) has a unique solution for ¢y < 0 and this solution exists on
<_OO7 O) .

(**) has a unique solution for ¢ty > 0 and this solution exists on

(0, 00).

There are an infinite number of solutions for y(0) = a, y’'(0) = 0.



How is =" defined:
If n is a positive integer: " =z -x-... - x

If m is a positive integer: If f(z) = z™, then f~1(z) = zw and

Let » > 0. Let r,, be any sequence consisting of positive rational
numbers such that lim,,_ o7, = r. Then
' =lim,_oox’™.

See more advanced class for why the above is well-defined.

If r <O, then 2" =27".

If x is a real number, when is " a real number?

n

x" =x-x-...-xis a real number when n is a positive integer.

If f(x) = x™, then the image of f = {fgaior;umbers Z Sjedn

Thus if f~!(2) = = is real-valued, then

the domain of f—l i {real numbers n odd

0, 00) n even

. 3 _ 3
In complex analysis, (1%\5) = -1, (-1)3 = —1, (1_“/5) = -1

\3
Recall (e%) = (cos% +isin%)’ = —1

Complex numbers are also roots of unity:

3 IPUIN:
(ezé”) —1 (e 5 ) —1, (1P=1




Solve z2%y" + axy’ + By = 0. Let y = a2,

y =rz"t y" =r(r—1)2""2 (case when y = (—x)"

is similar).
2?x"2r(r — 1) + azz™ lr + Bz" =0

z"[r?* —r +ar + 3] = 0 for all x implies 72 + (o — 1)r + 3 =0

—(a—1)E4/(a—1)2-48
2

Thus " is a solution iff r =

Case 1: Two real roots, ry,rs.

General solution is y = ¢1|z|™ + ca|x|™

Case 2: Two complex roots, 7, = A+ 1 :

Convert solution to form without complex numbers.

Note [z = eln(l=l*")

— e(Fip)in|z] — gi(£pln|z])
= cos(Lpuln|x|) + isin(Lpln|z|)
= cos(pln|x|) £ isin(pln|x|)

General solution is y = c1|x|™ + co|2|™2 = c1|x|AT# + co|z |}~

= [z[Mer]z[* + cofz[ )

= |z|*(c1[cos(uln|z|) +isin(uln|z])] + cz[cos(uln|x|) — isin(uln|z|)])
= |z|*([e1 + ca]cos(uln|z|) + i[c1 — ca]sin(uin|z|))

= |z|Mkicos(pln|z|) + kosin(uln|z|))

= k1|z|*cos(uln|x|) + ka|z|*sin(uin|z|)

Case 3: one repeated root, 1, = _<O‘2_1). (ie., v/(a —1)2 — 43 =0): I

Thus |x|™ is a solution. Find 2nd solution.



Method 1. Reduction of order: Suppose y = u(x)|z|™ is a solution

to 2°y” + azy’ + Sy = 0. Plug in and determine u(x)

Method 2: Let L(y) = 2*y" + axy’ + By where ¢y’ = g—z.

L(|z[") = 2" (r — 1)

orlL(|21")] = grllel"(r =) = (=] (r = r1)* 4+ 2[2]"(r = 1) = 0
if r = ry.

Suppose x is constant with respect to r and all the partial derivatives
are continuous. Then

8 /7 8 / 8
ZILW) = Zlay" + axy’ + By] = 2% + aw G + p5L
02 3, 5,
= 2 L[58 + ax L[5 + B5L
9]

X
_ 207 o) 4 qr2[2] + g

ox2 Lor oz Lor or
= (a—i{) for all r
L2y = 2 1r(|2|")] = 0 for = ry.
) r In|z|” rin|x|
gc?J _ 8ear 8ear _ <€rln|x|>ln|$| — |£B|rlnlm|

Thus |x|™In|x| is a solution.
Thus general solution is y = c1|z|™ + co|z|™ In|x|

since by the Wronskian, |z|" and |z|" In|z| are linearly independent.
Suppose x > 0 and r; # 0.

x" " n|x|

rx™ ™t ™ T Hn g 4 2™t

= 2" (ryz™  n|z) + 2™ ) — 2t n|z|ria™ !

= 2?17 pryln|z| + 1 — In|z|ry] = 2271 #£ 0 for 2 # 0

Other cases for Wronskian are similar.



