3.6 Variation of Parameters Solve y"" — 2y’ +y = e'ln(t)
1) Find homogeneous solutions: Solve v’ — 2y +y =0
2 rt

Guess: y = €"?, then ¢/ = re’, vy = r?e"™, and

r2e’ — 2re™ 4+ e =0 implies 2 —2r +1 =0
(r —1)2 =0, and hence r = 1
General homogeneous solution: y = cjef + cytel
since have two linearly independent solutions: {e’,te’}
2.) Find a non-homogeneous solution:

Sect. 3.5 method: Educated guess

Sect. 3.6: Guess y = uq(t)e! + us(t)te’ and solve for u; and uy
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General solution : y = cie® +cate’ +(— M — %)et—l—(tln(t) —t)te’
which simplifies to y = cie’ + cote! + (M — %)t%t



Solve y”" +p(t)y' +q(t)y = g(t) where y = c1¢1(t) +cap2(t) is solution
to homogeneous equation y"” + p(t)y’ + q(t)y = 0

Guess y = u1(t)o1(t) + ua(t)p2(t)
Y = U101 + ua implies ¥y = w1 @] + w1 + u205 + usdo

Two unknown functions, u; and ws, but only one equation (y” +
p(t)y’ + q(t)y = g(t)). Thus might be OK to choose 2nd eq’n.

Avoid 2nd derivative in y”’: Choose u}¢; + ujps =0

Y’ = u1¢] + uz¢sy implies ¥ = u1¢] + uj @) + uady + usdh

Plug into y" + p(t)y" + q(t)y = g(¢):

urdy + uidh + uady + updy + p(ur gy + uedy) + q(uidr + uage) =g
U1 Py + Uiy + uady + usdy + pui Py + puzdy + quidr + quade =g
urdy + purdy + quigr + ui Py + uedy + pusdh + quage +usgh =g
ur (@7 + PPy + qd1) + uid) +uz(@y + pdy + qd2) +usdh =g

¢1, ¢2 are homogeneous solutions. Thus ¢ + po. + q¢p; = 0.

Hence u1(0) + u) @) + u2(0) + useh =g

Thus we have 2 eqns to find 2 unknowns, the functions u; and wus:

uyp1 + ubopa =0 . . [qﬁl ¢2] [u’ll [O]
implies =
widh +upgh =g 0 [ dh) lun] T |g

T
Cramer’s rule: u}(t) = q;q qibz and up(t) = fl q;q
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Sect.3.6: Guess y = uq(t)e’ + us(t)te! and solve for u; and us
Y = uiel +uret + ubte! + us(el +tet) = et + te?! — te?t — e,

Two unknown functions, u; and wus, but only one equation (y” —

21" +y = elln(t)). Thus might be OK to choose 2nd eq’n.
Avoid 2nd derivative in y’: Choose uje! + ubte! =0
Hence 3’ = uiel + ua (et + tet).

and v = ujet +uret +ub(e! +tel) +uz (el + et + tet).

= ujet +uret + ube! + ubte! + ua(2et + tet).

= uye’ + ubet + uq(2et + tet).

Solve 3" — 2y’ + y = elin(t)
uiel +ubel +uq(2et +tet) —2[uiel +ug (et +tet )| +ur et +ustet = etln(t)
ubel + 2uget + uste’ — 2uqet — 2uote! + uste! = elin(t)
ul, = In(t) or in other words, %2 = [n(t)
Thus [ dus = [ In(t)dt
us = tin(t) — t. Note only need one solution, so don’t need +C.
y = uy(t)e! + [tin(t) — t]tet
ujel + ubte! = 0. Thus v} + ubt = 0. Hence v} = —ubt = —tin(t)
2

Thus uy = — [ tin(t)dt = —% + é
Thus the general solution is

y = cret + cotet + (=2 4 et o (tin(t) — t)tet



