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Basic Definitions, Properties and Theorems First Definitions

The Noncommutative Space

Let

R be a commutative ring with identity,

M be an R-module, and

Mn×n be the module of all n × n matrices with entries from M.

Define the noncommutative space over M to be

Mnc ∶=
∞
⊔
n=1

M
n×n
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Basic Definitions, Properties and Theorems First Definitions

Matrix Operations

The following operations on matrices over M and R can be defined:

1 Sum: For X ,Y ∈Mn×n,

X +Y ∶= [xij + yij]i,j=1,...,n ∈M
n×n

2 Direct Sum: For X ∈Mn×n and Y ∈Mm×m

X⊕Y ∶= [
X 0
0 Y

] ∈M(m+n)×(m+n)

3 Ring Actions: For X ∈Mp×q, T ∈Rr×p and S ∈Rq×b,

TX ∶= [

p

∑
k=1

tikxkj]

j=1,...q

i=1,...r

XS = [

q

∑
k=1

xikskj]

j=1,...b

i=1,...p
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Basic Definitions, Properties and Theorems First Definitions

Matrix Operations

4 Kronecker Product: For S ∈Rp×q and T ∈Rn×m, we define
S ⊗T = [sijT ]

j=1,...,q
i=1,...,p ∈R

np×mq.

5 Generalized Matrix Product: For R-modules N1,N2, Z 1 ∈ N
n0×n1

1 ,
Z 2 ∈ N

n1×n2

2 , integers s1, s2 such that n1 = s1m1 and n2 = s2m2 and the tensor
product N s0×s1

1 ⊗N
s1×s2

2 ,

Z 1
s0,s2

⊙s1 Z
2
∶= [(Z 1

s0,s2
⊙s1 Z

2)
α0,α2

]
α2=1,...,m2

α0=1,...,m0

Where,

(Z 1
s0,s2

⊙s1 Z
2)
α0,α2

=
m1

∑
α1=1

Z 1
α0,α1

⊗ Z 2
α1,α2

Leonard C. Stevenson (Drexel University) Higher Order Noncommutative Functions NonCommutative Analysis, June 2016 4 / 56



Basic Definitions, Properties and Theorems First Definitions

Noncommutative Sets

For Ω ⊆Mnc

Ωn ∶= Ω ∩Mn×n.

Ω is a noncommutative set (nc set) if

X ∈ Ωn,Y ∈ Ωm Ô⇒ X ⊕Y ∈ Ωn+m

Ω is right admissible if

X ∈ Ωn,Y ∈ Ωm,Z ∈M
n×m

Ô⇒

∃r ∈ Gl(1,R) s.t. [
X rZ
0 Y

] ∈ Ωn+m
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Basic Definitions, Properties and Theorems First Definitions

The Similarity Envelope

Define,

Ω̃ ∶= {SXS−1
∣ X ∈ Ωn,S ∈ Gl(n,R),n ∈ N}

to be the similarity envelope of Ω.

Proposition

If Ω ⊆Mnc is a right admissible nc set, then so is its similarity envelope Ω̃.
Moreover, for any X̃ ∈ Ω̃n, Ỹ ∈ Ω̃m and Z ∈Mn×m, one has

[
X̃ Z

0 Ỹ
] ∈ Ω̃n+m
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Basic Definitions, Properties and Theorems First Definitions

Definition of Noncommutative Function

A function f ∶ Ω→ Nnc s.t. f (Ωn) ⊆ N
n×n for n = 1,2, . . . is called a

noncommutative function if

f respects direct sums:

X ∈ Ωn,Y ∈ Ωm Ô⇒ f (X⊕Y ) = f (X )⊕ f (Y )

f respects similarities:

X ∈ Ωn,S ∈ Gl(n,R) s.t. SXS−1
∈ Ωn Ô⇒ f (SXS−1

) = Sf (X )S−1
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Basic Definitions, Properties and Theorems First Definitions

Examples of Noncommutative Functions

Consider the matrix polynomial f (X ) = X 2. In this case,

f ([
X 0
0 Y

]) = [
X 0
0 Y

] [
X 0
0 Y

]

= [
X 2 0
0 Y 2 ] = [

f (X ) 0
0 f (Y )

]

f (SXS−1
) = SX (S−1S)XS−1

= SX 2S−1
= Sf (X )S−1
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Basic Definitions, Properties and Theorems First Definitions

Examples of Noncommutative Functions

1 All polynomials and rational expressions in d matrices over R.

2 Formal power series of matrices over R.

3 Let l ∶M→ N be a linear mapping. Define L ∶Mn×n → N n×n by

L([xij]i,j=1,⋯,n) = [l(xij)]i,j=1,⋯,n

Then, L ∶Mnc → Nnc is a noncommutative function.
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

The Difference-Differential Operator

Let f be a nc function on a nc set Ω. For any X ∈ Ωn, Y ∈ Ωm and any Z ∈Mn×m

such that [
X Z
0 Y

] ∈ Ωn+m, define ∆R f (X ,Y )(Z) by

f ([
X Z
0 Y

]) = [
f (X ) ∆R f (X ,Y )(Z)

0 f (Y )
]

Proposition

Take any nc function f on a right admissible, nc set Ω. Then, ∆R f (X ,Y )(Z),
can be extended to a function linear in Z on the R-module Mn×m.
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Difference-Differential Operator Examples

1 If f (X ) = X 2, then

f ([
X Z
0 Y

]) = [
X Z
0 Y

] [
X Z
0 Y

] = [
X 2 XZ + ZY
0 Y 2 ]

Thus, ∆R f (X ,Y )(Z) = XZ + ZY .
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Difference-Differential Operator Examples

2 If f is a polynomial of the form

n

∑
i=1

aiX
i ,

then

∆R f (X ,Y )(Z) =
n

∑
i=1

aiX
i−1ZY n−i .

3 For the extension of the linear function defined above

∆RL(X ,Y )(Z) = L(Z).
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Difference Formula

Theorem

Let f ∶ Ω→ Nnc be an nc function where Ω is a right admissible nc set. Then, for
all n,m ∈ N, all X ∈ Ωn, Y ∈ Ωm and S ∈Rn×m we have

Sf (Y ) − f (X )S = ∆R f (X ,Y )(SY −XS)

and, in the special case that n = m and S = In, we get,

∆R f (Y ,X )(Y −X ) = f (Y ) − f (X ) = ∆R f (X ,Y )(Y −X )
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Difference Formula

For our function f (X ) = X 2, the difference formula looks like,

Sf (Y ) − f (X )S = SY 2
−X 2S = XSY −X 2S + SY 2

−XSY

= X (SY −XS) + (SY −XS)Y = ∆R f (X ,Y )(SY −XS)

Or in the case that S = I and X and Y have the same size,

f (Y ) − f (X ) = Y 2
−X 2

= XY −X 2
+Y 2

−XY

= X (Y −X ) + (Y −X )Y = ∆R f (X ,Y )(Y −X )
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Properties of the Difference-Differential Operator

The Difference-Differential Operator has the following properties with respect to
direct sums,

∆R f (X
′
⊕X ′′,Y )([

Z ′

Z ′′ ]) = [
∆R f (X

′,Y )(Z ′)
∆R f (X

′′,Y )(Z ′′) ]

∆R f (X ,Y
′
⊕Y ′′

) ([ Z ′ Z ′′ ]) = [ ∆R f (X ,Y
′)(Z ′) ∆R f (X ,Y

′′)(Z ′′) ]
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Properties of the Difference-Differential Operator

For our function ∆R f (X ,Y )(Z) = XZ + ZY ,

∆R f (X
′
⊕X ′′,Y )([

Z ′

Z ′′ ]) = [
X ′ 0
0 X ′′ ] [

Z ′

Z ′′ ] + [
Z ′

Z ′′ ]Y

= [
X ′Z ′

X ′′Z ′′ ] + [
Z ′Y
Z ′′Y ]

= [
X ′Z ′ + Z ′Y
X ′′Z ′′ + Z ′′Y ]

= [
∆R f (X

′,Y )(Z ′)
∆R f (X

′′,Y )(Z ′′) ]
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Properties of the Difference-Differential Operator

and

∆R f (X ,Y
′
⊕Y ′′

) ([ Z ′ Z ′′ ])

= X [ Z ′ Z ′′ ] + [ Z ′ Z ′′ ] [
Y ′ 0
0 Y ′′ ]

= [ XZ ′ XZ ′′ ] + [ Z ′Y ′ Z ′′Y ′′ ]

= [ XZ ′ + Z ′Y ′ XZ ′′ + Z ′′Y ′′ ]

= [ ∆R f (X ,Y
′)(Z ′) ∆R f (X ,Y

′′)(Z ′′) ]
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Properties of the Difference-Differential Operator

The Difference-Differential Operator has the following properties with respect to
similarities,

∆R f (TXT
−1,Y )(TZ) = T∆R f (X ,Y )(Z)

∆R f (X ,SYS
−1

)(ZS−1
) = ∆R f (X ,Y )(Z)S−1
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Basic Definitions, Properties and Theorems The Difference-Differential Operator and its Properties

Properties of the Difference-Differential Operator

For our function ∆R f (X ,Y )(Z) = XZ + ZY ,

∆R f (TXT
−1,Y )(TZ) = (TXT−1

)(TZ) + (TZ)Y

= TXZ +TZY = T (XZ + ZY ) = T∆R f (X ,Y )(Z)

and

∆R f (X ,SYS
−1

)(ZS−1
) = X (ZS−1

) + (ZS−1
)(SYS−1

)

= XZS−1
+ ZYS−1

= (XZ + ZY )S−1
= ∆R f (X ,Y )(Z)S−1
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Higher Order NC Functions

A function f for which

f (X 0, . . . ,X k
) ∶ N

n0×n1

1 × . . . ×N nk−1×nk
k → N

n0×nk
0

is a k-linear mapping over R is an nc function of order k if
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

NC Functions Respect Direct Sums

f respects direct sums:

f (X 0′
⊕X 0′′ ,X 1, . . . ,X k

)([
Z 1′

Z 1′′ ] ,Z 2, . . . ,Z k
)

=

⎡
⎢
⎢
⎢
⎢
⎣

f (X 0′ ,X 1, . . . ,X k) (Z 1′ ,Z 2, . . . ,Z k)

f (X 0′′ ,X 1, . . . ,X k) (Z 1′′ ,Z 2, . . . ,Z k)

⎤
⎥
⎥
⎥
⎥
⎦

(1)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

NC Functions Respect Direct Sums

f (X 0, . . . ,X j−1,X j ′
⊕X j ′′ ,X j+1, . . . ,X k

)

(Z 1, . . . ,Z j−1, [ Z j ′ Z j ′′ ] , [
Z (j+1)′

Z (j+1)′′ ] ,Z j+2, . . . ,Z k
)

= f (X 0, . . . ,X j−1,X j ′ ,X j+1, . . . ,X k
) (Z 1, . . . ,Z j−1,Z j ′ ,Z (j+1)′ ,Z j+2, . . . ,Z k

)

+ f (X 0, . . . ,X j−1,X j ′′ ,X (j+1), . . . ,X k
)

(Z 1, . . . ,Z j−1,Z j ′′ ,Z (j+1)′′ ,Z (j+2), . . . ,Z k
)

(2)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

NC Functions Respect Direct Sums

and

f (X 0, . . . ,X k−1,X k ′
⊕X k ′′

) (Z 1, . . . ,Z k−1, [ Z k ′ Z k ′′ ])

= row [f (X 0, . . . ,X k−1,X k ′
)(Z 1, . . . ,Z k−1,Z k ′

)

f (X 0, . . . ,X k−1,X k ′′
)(Z 1, . . . ,Z k−1,Z k ′′

)]

(3)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

NC Functions Respect Similarities

f respects similarities:

f (S0X
0S−1

0 ,X 1, . . . ,X k
)(S0Z

1,Z 2, . . . ,Z k
)

= S0f (X
0, . . . ,X k

)(Z 1, . . . ,Z k
),

(4)

f (X 0, . . . ,X j−1,SjX
jS−1

j ,X j+1, . . . ,X k
)

(Z 1, . . . ,Z j−1,Z jS−1
j ,SjZ

j+1,Z j+2, . . . ,Z k
)

= f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

)

(5)

f (X 0, . . . ,X k−1,SkX
kS−1

k )(Z 1,Z 2, . . . ,Z kS−1
k )

= f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

)S−1
k

(6)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Order of an NC Function

By this definition ∆R f (X ,Y )(Z) is a first order function while f is considered a
zero order function. In general, let

T
k
(Ω(0), . . . ,Ω(k);N0,nc , . . . ,Nk,nc)

be the set of all nc functions of order k .
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalization of Direct Sum

Proposition

Let

X j
=

mj

⊕
αj=1

X j
αj
, Z j

= [Z j
α,β]

β=1,...,mj

α=1,...,mj−1

Then,

f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

) = [f α,β]β=1,...,mk

α=1,...,m0

where,

f α,β = ∑
αj=1,...,mj
α0=α,αk=β

f (X 0α0 , . . . ,X kαk )(Z 1α0,α1 , . . . ,Z kαk−1,αk )
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalization of Direct Sum

Consider the function, f (X 0,X 1,X 2)(Z 1,Z 2) = Z 1X 1Z 2, we find,

f
⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

X 0
1

⋱

X 0
m0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

X 1
1

⋱

X 1
m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

X 2
1

⋱

X 2
m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠

⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 1
11 ⋯ Z 1

1,m1

⋮ ⋱ ⋮

Z 1
m0,1

⋯ Z 1
m0,m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 2
11 ⋯ Z 2

1,m2

⋮ ⋱ ⋮

Z 2
m1,1

⋯ Z 2
m1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalization of Direct Sum

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 1
11 ⋯ Z 1

1,m1

⋮ ⋱ ⋮

Z 1
m0,1

⋯ Z 1
m0,m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

X 1
1

⋱

X 1
m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 2
11 ⋯ Z 2

1,m2

⋮ ⋱ ⋮

Z 2
m1,1

⋯ Z 2
m1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 1
11X

1
1 Z

2
11 +⋯ + Z 1

1,m1
X 1
m1
Z 2
m1,1

⋯ Z 1
11X

1
1 Z

2
1,m2

+⋯ + Z 1
1,m1

X 1
m1
Z 2
m1,m2

⋮ ⋱ ⋮

Z 1
m0,1

X 1
1 Z

2
11 +⋯ + Z 1

m0,m1
X 1
m1
Z 2
m1,1

⋯ Z 1
m0,1

X 1
1 Z

2
1,m2

+⋯ + Z 1
m0,m1

X 1
m1
Z 2
m1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalization of Direct Sum

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∑
m1

α1=1 Z
1
1,α1

X 1
α1
Z 2
α1,1

⋯ ∑
m1

α1=1 Z
1
1,α1

X 1
α1
Z 2
α1,m2

⋮ ⋱ ⋮

∑
m1

α1=1 Z
1
m0,α1

X 1
α1
Z 2
α1,1

⋯ ∑
m1

α1=1 Z
1
m0,α1

X 1
α1
Z 2
α1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

Which is a matrix where each entry has the form,

m1

∑
α1=1

f (X 0
α0
,X 1

α1
,X 2

α2
)(Z 1

α0,α1
,Z 2
α1,α2

)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalized Matrix Product

Our k-linear maps,

(Z 1, . . . ,Z k
)↦ f (X 0, . . . ,X k

)(Z 1, . . . ,Z k
)

can also be written as linear maps on the corresponding tensor product, defined
on elementary tensors as,

Z 1
⊗ . . .⊗ Z k

↦ f (X 0, . . . ,X k
)(Z 1

⊗ . . .⊗ Z k
)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Generalized Matrix Product

We recall,

Z 1
s0,s2

⊙s1 . . .sk−2,sk ⊙sk−1
Z k

∶= [(Z 1
s0,s2

⊙s1 . . .sk−2,sk ⊙sk−1
Z k)

α0,αk
]
αk=1,...,mk

α0=1,...,m0

,

where,

(Z 1
s0,s2

⊙s1 . . .sk−2,sk ⊙sk−1
Z k)

α0,αk
=

mj

∑
αj=1

j=1,...,k−1

Z 1
α0,α1

⊗ . . .⊗ Z k
αk−1,αk
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Rewriting Direct Sum Rule for Identical Summands

Proposition

Given,

X j
=

mj

⊕
αj=1

Y j , for j = 0, . . . , k

we rewrite the function as follows:

f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

) = Z 1
s0,s2

⊙s1 . . .sk−2,sk ⊙sk−1
Z k f (Y 0, . . . ,Y k

),

where f (Y 0, . . . ,Y k) acts entrywise on Z 1
s0,s2

⊙s1 . . .sk−2,sk ⊙sk−1
Z k .
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Rewriting Direct Sum Rule for Identical Summands

For our function ∆R f (X
0,X 1,X 2)(Z 1,Z 2) = Z 1Z 2, if X 0,X 1 and X 2 are direct

sums of Y 0,Y 1 and Y 2, then, as calculated above,

f
⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Y 0

⋱

Y 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Y 1

⋱

Y 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Y 2

⋱

Y 2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠

⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 1
11 ⋯ Z 1

1,m1

⋮ ⋱ ⋮

Z 1
m0,1

⋯ Z 1
m0,m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 2
11 ⋯ Z 2

1,m2

⋮ ⋱ ⋮

Z 2
m1,1

⋯ Z 2
m1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Rewriting Direct Sum Rule for Identical Summands

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
1,α1

,Z 2
α1,1

) ⋯
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
1,α1

,Z 2
α1,m2

)

⋮ ⋱ ⋮
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
m0,α1

,Z 2
α1,m2

) ⋯
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
m0,α1

,Z 2
α1,m2

)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
1,α1

⊗ Z 2
α1,1

) ⋯
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
1,α1

⊗ Z 2
α1,m2

)

⋮ ⋱ ⋮
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
m0,α1

⊗ Z 2
α1,m2

) ⋯
m1

∑
α1=1

f (Y 0,Y 1,Y 2)(Z 1
m0,α1

⊗ Z 2
α1,m2

)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Rewriting Direct Sum Rule for Identical Summands

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1

∑
α1=1

Z 1
1,α1

⊗ Z 2
α1,1

⋯
m1

∑
α1=1

Z 1
1,α1

⊗ Z 2
α1,m2

⋮ ⋱ ⋮
m1

∑
α1=1

Z 1
m0,α1

⊗ Z 2
α1,m2

⋯
m1

∑
α1=1

Z 1
m0,α1

⊗ Z 2
α1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

f (Y 0,Y 1,Y 2
)

=
⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 1
11 ⋯ Z 1

1,m1

⋮ ⋱ ⋮

Z 1
m0,1

⋯ Z 1
m0,m1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

m0,m1⊙m2

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Z 2
11 ⋯ Z 2

1,m2

⋮ ⋱ ⋮

Z 2
m1,1

⋯ Z 2
m1,m2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠
f (Y 0,Y 1,Y 2

)

= (Z 1
m0,m1⊙m2Z

2
)f (Y 0,Y 1,Y 2

)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Higher order Difference-Differential Operators

We extend the difference-differential operator to higher order functions as follows,

Proposition

Let f ∈ T k(Ω(0), . . . ,Ω(k);N0,nc , . . . ,Nk,nc),

f ([
X 0′ Z

0 X 0′′ ] ,X 1, . . . ,X k
)([

Z 1′

Z 1′′ ] ,Z 2, . . . ,Z k
)

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f (X 0′ ,X 1, . . . ,X k
)(Z 1′ ,Z 2, . . . ,Z k

)

+0 ∆R f (X
0′ ,X 0′′ ,X 1, . . . ,X k

)(Z ,Z 1′′ ,Z 2 . . . ,Z k
)

f (X 0′′ ,X 1, . . . ,X k)(Z 1′′ ,Z 2, . . . ,Z k)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Higher order Difference-Differential Operators

Proposition

f (X 0, . . . ,X j−1, [
X j ′ Z

0 X j ′′ ] ,X j+1, . . . ,X k
)

(Z 1, . . . ,Z j−1, [ Z j ′ Z j ′′ ] , [
Z (j+1)′

Z (j+1)′′ ] ,Z (j+2), . . . ,Z k
)

= f (X 0, . . . ,X j−1,X j ′ ,X j+1, . . . ,X k
)(Z 1, . . . ,Z (j−1),Z j ′ ,Z (j+1)′ ,Z (j+2), . . . ,Z k

)

+j ∆R f (X
0, . . . ,X j−1,X j ′ ,X j ′′ ,X (j+1), . . . ,X k

)

(Z 1, . . . ,Z j−1,Z j ′ ,Z ,Z (j+1)′′ ,Z (j+2), . . . ,Z k
)

+ f (X 0, . . . ,X j−1,X j ′′ ,X j+1, . . . ,X k
)(Z 1, . . . ,Z j−1,Z j ′′ ,Z (j+1)′′ ,Z (j+2), . . . ,Z k

)
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Higher order Difference-Differential Operators

Proposition

f (X 0, . . . ,X k−1, [
X k ′ Z

0 X k ′′ ]) (Z 1, . . . ,Z k−1, [ Z k ′ Z k ′′ ])

= [f (X 0, . . . ,X k−1,X k ′
)(Z 1, . . . ,Z k−1,Z k ′

),

k∆R f (X
0, . . . ,X k−1,X k ′ ,X k ′′)(Z 1, . . . ,Z k−1,Z k ′ ,Z)

+f (X 0, . . . ,X k−1,X k ′′)(Z 1, . . . ,Z k−1,Z k ′′)
]
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Higher order Difference-Differential Operators

As an example, consider the function f (X 0,X 1,X 2)(Z 1,Z 2) = X 0Z 1X 1Z 2X 2.
Then,

f ([
X 0′ Z

0 X 0′′ ] ,X 1,X 2
)([

Z 1′

Z 1′′ ] ,Z 2
) = [

X 0′ Z

0 X 0′′ ] [
Z 1′

Z 1′′ ]X 1Z 2X 2

= [
X 0′Z 1′ + ZZ 1′′

X 0′′Z 1′′ ]X 1Z 2X 2
= [

X 0′Z 1′X 1Z 2X 2 + ZZ 1′′X 1Z 2X 2

X 0′′Z 1′′X 1Z 2X 2 ]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f (X 0′ ,X 1, . . . ,X k
)(Z 1′ ,Z 2, . . . ,Z k

)

+0 ∆R f (X
0′ ,X 0′′ ,X 1, . . . ,X k

)(Z ,Z 1′′ ,Z 2 . . . ,Z k
)

f (X 0′′ ,X 1, . . . ,X k)(Z 1′′ ,Z 2, . . . ,Z k)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Thus, 0∆R f (X
0′ ,X 0′′ ,X 1,X 2)(Z ,Z 1′′ ,Z 2) = ZZ 1′′X 1Z 2X 2.
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Basic Definitions, Properties and Theorems Difference-Differential Operator for Higher Order NC Functions

Linearity of the Image of j∆R f

As for order 0 nc functions,

Proposition

For any nc function f on a right admissible, nc set Ω,

j∆R f (X
0, . . . ,X j−1,X j ′ ,X j ′′ ,X (j+1), . . . ,X k), can be extended to a linear function

on the R-module M
n′j×n′′j
j .
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The Taylor-Taylor Formula Difference Formulae for Higher Order NC Functions

Difference Formulae for Higher Order NC Functions

Proposition

Let f be an nc function on the nc set Ω(0) × . . . ×Ω(k),
then,

f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

) − f (Y 0, . . . ,Y k
)(Z 1, . . . ,Z k

)

=
k

∑
α1=0

α1 ∆R f (Y
0, . . . ,Y α1 ,Xα1 , . . . ,X k

)

(Z 1, . . . ,Zα1 ,Xα1 −Y α1 ,Zα1+1, . . . ,Z k
),
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The Taylor-Taylor Formula Difference Formulae for Higher Order NC Functions

Difference Formulae for Higher Order NC Functions

Applying this to the function, f (X 0,X 1)(Z 1) = X 0Z 1X 1,

(X 0
−Y 0

)Z 1X 1
+Y 0Z 1

(X 1
−Y 1

) = X 0Z 1X 1
−Y 0Z 1X 1

+Y 0Z 1X 1
−Y 0Z 1Y 1

= X 0Z 1X 1
−Y 0Z 1Y 1

= f (X 0,X 1
)(Z 1

) − f (Y 0,Y 1
)(Z 1

)
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The Taylor-Taylor Formula Iterated Difference-Differential Operators

Iterated Difference-Differential Operators

Recall that we found that for

f (X 0,X 1,X 2
)(Z 1,Z 2

) = X 0Z 1X 1Z 2X 2,

0∆R f (X
0′ ,X 0′′ ,X 1,X 2

)(Z ,Z 1′′ ,Z 2
) = ZZ 1′′X 1Z 2X 2.

If we want to find 1∆R0∆R f , should we take the derivative in the new position 1
or in the old position 1?

Since X 0′′ does not appear in the expression and X 1 does, it is clear that these
will give different results.
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The Taylor-Taylor Formula Iterated Difference-Differential Operators

Iterated Difference-Differential Operators

We define,

j∆
l
R ∶= j∆R . . . j∆R for 0 ≤ j ≤ k

Thus, j∆
l
R is calculated iteratively using 2 × 2 block upper triangular matrices.

Alternatively, it can be calculated in a single step.
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The Taylor-Taylor Formula Iterated Difference-Differential Operators

Iterated Difference-Differential Operators

A necessary condition for integrability,

Theorem

Let g ∈ T k(Ω(0), . . . ,Ω(k);N0,nc , . . . ,Nk,nc) with Ω(j) a right admissible nc set for
all j = 0, . . . , k. Let f = j∆

l
Rg . Then, j∆R f = m∆R f for m = j , . . . , j + l .
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The Taylor-Taylor Formula Iterated Difference-Differential Operators

Iterated Difference-Differential Operators

Coming back to our question from earlier, we now see that to find 1∆R0∆R f , we
should take the derivative in the old position 1.

With this in mind, we define some new notation.
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The Taylor-Taylor Formula Iterated Difference-Differential Operators

New Notation

Applying j∆R to f (X 0, . . . ,X k)(Z 1, . . . ,Z k), we now write

j∆R f (X
0, . . . ,X j−1, X⃗ j ,X j+1, . . . ,X k

)(Z 1, . . . ,Z j−1, Z⃗ j ,Z j+1
2 , . . . ,Z k

)

where
X⃗ j

= (X j
0,X

j
1)

and
Z⃗ j

= (Z j,0,Z j,1
)

.

If all entries of X⃗ j are the same, X j , denote it as X j
⋀

.
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The Taylor-Taylor Formula The Taylor-Taylor Formula for nc Functions

Taylor-Taylor Formula for Higher NC Functions

Theorem

For f ∈ T k(Ω(0) × . . . ×Ω(k);N0,nc , . . . ,Nk,nc), αq the last nonzero αj and an
arbitrary integer N,

f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

)

=
N

∑
p=0

∑
α0+...+αk=p

k∆αk

R . . . 0∆α0

R f (Y 0
⋀

, . . . ,Y k
⋀

)

(X 0 −Y 0
⋀

,Z 1,X 1 −Y 1
⋀

, . . . ,Z k ,X k −Y k
⋀

)

+ ∑
α0+...+αk=N+1

q∆
αq

R . . . 0∆α0

R f (Y 0
⋀

, . . . ,Y q−1
⋀

, Y⃗ q,X q+1, . . . ,X k
)

(X 0 −Y 0
⋀

,Z 1,X 1 −Y 1
⋀

, . . . ,Z k ,X k −Y k
⋀

),
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Alternate Taylor-Taylor Formula

It is also possible to write the Taylor formula centered at

(Y 0, . . . ,Y k) ∈ Ω
(0)
s0 × . . . ×Ω

(k)
sk where for all j nj = mjsj for some positive integers

mj .

Theorem

Let f ∈ T k(Ω(0) × . . . ×Ω(k);N0,nc , . . . ,Nk,nc), for each N ∈ N, αq the last
nonzero αj and using the difference formula for higher order nc functions,
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The Taylor-Taylor Formula The Taylor-Taylor Formula for nc Functions

Alternate Taylor-Taylor Formula

Theorem

f (X 0, . . . ,X k
)(Z 1, . . . ,Z k

)

=
N

∑
l=0

∑
α0+⋯+αk=N

⎛
⎜
⎝

⎛

⎝
X 0

−
m0

⊕
β0=1

Y 0⎞

⎠

⊙s0
α0

s0,s1⊙s0Z
0
s0,s2⊙s1

⎛

⎝
X 1

−
m1

⊕
β1=1

Y 1⎞

⎠

⊙s1
α1

s1,s2⊙s1⋯

⋯sk−2,sk ⊙sk−1
Z k

sk−1,sk⊙sk

⎛

⎝
X k

−
mk

⊕
βk=1

Y k⎞

⎠

⊙sk
αk⎞

⎟
⎠

k∆αk

R ⋯0∆α0

R f (Y 0
⋀

, . . . ,Y k
⋀

)
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The Taylor-Taylor Formula The Taylor-Taylor Formula for nc Functions

Alternate Taylor-Taylor Formula

Theorem

+ ∑
α0+...+αk=N+1

⎛
⎜
⎝

⎛
⎜
⎝

⎛

⎝
X 0

−
m0

⊕
β0=1

Y 0⎞

⎠

⊙s0
α0

s0,s1⊙s0Z
0
s0,s2⊙s1

⎛

⎝
X 1

−
m1

⊕
β1=1

Y 1⎞

⎠

⊙s1
α1

s1,s2⊙s1⋯

. . . sq−2,sq⊙sq−1Z
q
sq−1,sq⊙sq

⎛

⎝
X q

−

mq

⊕
βq=1

Y q⎞

⎠

⊙sqαq⎞
⎟
⎠

sq−1,sq+1⊙sqZ
q+1

sq,sq+2⊙sq+1 . . . sk−2,sk⊙sk−1
Z k)

k∆αk

R . . . 0∆α0

R f (Y 0
⋀

, . . . ,Y q−1
⋀

, Y⃗ q,X q+1, . . . ,X k
)
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Current Research

Current Research

I am currently studying the integration of nc functions in joint work with Dr.
Victor Vinnikov and Dr. Dmitry Kaliushny-Verbotvetskyi. We have shown that as
long as the modules involved are over rings of characteristic 0, then the necessary
condition that j∆R f = m∆R f for m = j , . . . , j + l , established above is also
sufficient.

We have partial results in the case of finite characteristic.
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