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Projectivization

Let V be a vector space over C, V* be its dual. The set of one
dimensional subspaces of V is called projectivization of V' and
denoted by P (V). For each point in P (V') we can associate a
hyperplane. After regarding those hyperplanes as points, dual
projective space P (V)" = P (V*) is obtained.

Picture of Duality

Point in (IP’Q)* Line in (PQ)*
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Dual Variety

Dual Variety

Let X C PV be a projective variety. Dual variety XV C (IP’N)* is
defined as the closure of the set of all tangent hyperplanes to X.
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Dual Variety

Let X C PV be a projective variety. Dual variety XV C (IP’N)* is
defined as the closure of the set of all tangent hyperplanes to X.

v

(1) Let (Az,x) = 0 be a plane conic, where A is 3 x 3
nondegenerate symmetric matrix. Then, dual curve is given by

(A71¢,¢).
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Dual Variety

Let X C PV be a projective variety. Dual variety XV C (IP’N)* is
defined as the closure of the set of all tangent hyperplanes to X.

v

Examples

(1) Let (Az,x) = 0 be a plane conic, where A is 3 x 3
nondegenerate symmetric matrix. Then, dual curve is given by
(A71¢,¢)-

(2)
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Dual Variety

Determinant

Consider Segre embedding:
P! x P! — P3

[0 : 1] X [yo : y1] = [ToYo : Toy1 : T1Yo : T1Y1]
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Determinant

Consider Segre embedding:
P! x P! — P3
[zo : 1] X [yo : y1] = [ToYo : Toy1 : T1Yo : T1Y1]

Multilinear form f = axgyo + bxoy1 + cx1yo + dz1y1
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Dual Variety Cusp Component

Determinant

Consider Segre embedding:
P! x P! — P3
[zo : 1] X [yo : y1] = [ToYo : Toy1 : T1Yo : T1Y1]

Multilinear form f = axgyo + bxoy1 + cx1yo + dz1y1

SL—ayo+by1 =0, L =cyo+dy1 =0
a%zaonrcxl:O, %=b$o+dx1=0
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Determinant

Consider Segre embedding:
P! x P! — P3
[zo : 1] X [yo : y1] = [ToYo : Toy1 : T1Yo : T1Y1]

Multilinear form f = axgyo + bxoy1 + cx1yo + dz1y1
I —ayo+by1 =0, L =cyo+dy1 =0

dzg
a%zaonrcxl:O, %=b$o+dx1=0

System of equations have a nontrivial solution if and only if
ad —bc =0
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Hyperdeterminant

Segre Embedding

Consider the Segre embedding:

X = Pk x . x Pkr —y plh1t1)...(kr+1)—1

where each P/ is projectivization of V;* = Ch*+1 If XV is a
hypersurface then its defining equation is called hyperdeterminant
which is a homogeneous polynomial function on Vi ® ... ® V.

| \

Examples

If r =2, k1 = ko then hyperdeterminant is classical
determinant.

The first nontrivial was case founded by Cayley, when r = 3,
k; = 1: A(det|Ax + By|) where A, B are 2 x 2 matrices,
x,y are variables to take discriminant.

Emre SEN Northeastern University

Singularities of dual varieties associated to exterior representations



Dual Variety

Coordinate System

Choose a coordinate system 2/ = (xf), . ,xi) on each V7, then
J

FeVi®...®V,is represented after restriction on X by a
multilinear form:

1 r\ _ . | N 4
F(a: yeres ) = Z“zr Qiy,girLiy = L5

Hyperdeterminant of format (k1, ..., k;) exists iff k; <3, . k;.
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Dual Grassmannian

Let X be Grassmanian of k dimensional subspaces of n

dimensional vector space V. Consider the Pliicker embedding:

Gk, V)P (/\k V). After choosing coordinate matrix:

1 1 1
10 - 0 2y m129+2 :1:3

01 --- 0 =z T cee
k+1 k+2 n

K= _ + + - _
k k k

0 0 Loy Thp o0 In

F(AK)= >

1< <i9<... <1 <n
where 7;,. 4, is the minor of K indexed by (i1, ...,ix).

F e G (kn)" < system of equations F (z) = 2£@ — g

iy i Miy ..

(for all i,j) has a nontrivial solution for some x.
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Dual Variety

Segre-Pliicker Embedding

X=P (/\’“1 ch) x.. .xIE”(/\kT CNT) l—>]P’</\k1 CMg.. @A (CNT)

N; > 2k;. For each component we have Pliicker embedding like
above. Then take the Segre embedding. Generic form becomes:

_ 1 r
F= Eah;---;lﬂhl s,

where I; is the index set of /\kj CNi of size k. Again

F € XV & system of equations F (x) = aggff) =0

(for all i,j) has a nontrivial solution for some z .
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Singularities of dual varieties

For the analysis of singularities the key tool is Hessian matrix.

Given form F', we define Hessian matrix at point p € X ie. matrix
of double partial derivatives

O*F

H(F),= Hwﬂp
J'7d

evaluated at p for all possible indices 4,4, 7,5, and 8; = 8:E3
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Singularities of dual varieties

Definition

The cusp component is the subvariety of X such that
determinant of Hessian matrix vanishes. Formally:

Xeusp :={F | 3p € X stPT,X C F and det H (F)|, = 0}

Definition

The node component is the subvariety of XV which is the set of
forms such that F' (p) = F (q) = 0 for two distinct points p,q € X.
Formally:

Xnode :={F | 3p,q € X such that PT,X,PT,X C F}
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Summary of Results

Representation Cusp | Node | Jth Node
e [ wz | wz | w
Dual G/;e;cs(scr?vannian MS | HMS S

AFCN @ CM S S S

/\k1 CM®...® /\kr CNr | partial S partial

WZ: Weyman, Zelevinsky 1996
H: Holweck 2011, M: Maeda 2001
S: Sen

Emre SEN Northeastern University

Singularities of dual varieties associated to exterior representations



Dual Variet; Singularities of dual varieties Cusp Component Node Component

Problem-Cusp Type

Let's recall definition of cusp variety: points of dual variety such
that determinant of Hessian vanishes. Now problem reduces to the
following linear algebra problem:

What are the homogeneous polynomial factors of determinant of
Hessian matrix?

| \

Theorem

Assume that the determinant of the Hessian associated to form F,
F € XV is irreducible and XV does not have finitely many orbits.
Then X ysp Is irreducible hypersurface in X Y.

N

There is a natural action of the group
G=S5L ((CNl) X...x SL ((CNT) on the form.
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Problem-Node Type

Analysis of the node component reduces to the following linear
algebra problem:

When does there exist two invertible Hessian matrices satisfying
certain conditions?

Theorem

| \

Generic node component for \™ CN' @ ... @ A\Fr €N is always
codimension one except the following 10 cases:

/\3 (C6, /\3 (C7,/\3 CS
AN2CEeC?, ANPCt C3APCH e CY APCteCP
AT C3 A Co @ CH A2C8 @ C2?
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Hessian of G (3,6)
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Cusp Component

a9 0
az —by

0 —bo

—bg

b3
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Cusp Component

Hessian of G (3,6)

—a1 —ag 0 0

0
0

ap 0 —az3 O 0 0 —a 0
0
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Cusp Component

Hessian of G (3,6)
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Cusp Component

Hessian for Dual Grassmannian

Hessian for G (k,n)"

0 Ay - m
“Ap 0 - Aoy,

o o 0 Ak—l,k
|~ A —Ax - —Ap_ag 0

A;j's are skew symmetric blocks of size (n — k) x (n — k).
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Cusp Component

0 Alg  cos Az Bi1
— A 0 Al By

: : 0 Ar—1x Br-11
Ay —Ao - —Ap_1k 0 By
| Biy BS - B, B, 0

A;j's are skew symmetric blocks of size (N — k) x (N — k).
Bi; are generic matrices of size (N — k) x (M —1).

¢ denotes transpose.

Emre SEN Northeastern University

Singularities of dual varieties associated to exterior representations



Cusp Component

Hessian in general

Hessian in general A" CM1 @ ...

[ </\k1 CNl) S . . Sin
St, H (/\kchz) . . S

_ _ H(AF—eV) ST;LT
Sty S o S, H(ACYW)

H (/\k] (CNJ') are Hessian associated to dual Grassmannian of size
kj (Nj — kj) > kj (Nj — kj).
Si; are generic matrices of size k; (N; — k;) x kj (Nj — kj).
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Cusp Component

Determinant of Hessian matrix for /\k CN ® CM s irreducible,
except the cases below:

Representation N Factors Degrees
2 N ; odd 0 0
NCTeC even pf3>2<U 3(4-1)+%
2 AN 3 odd U 2(N -1)
ANCTeC even | pf2 x U 2(%2)—{—]\7
AFCN @ CFOV=R+1 [ _ U2 2k (N — k)

AN C*@C | fxg |degf=1,degg=6
AN CORC* | fxg |degf=2degg=9
AN’CO®C2 | f2xg | degf=3,degg=4
N’CT®C? | fxg |degf=7degg=6
NCOQC3 | fxg |degf=8,degg=3
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Cusp Component

Theorem

Assume that the determinant of the Hessian associated to form F,
F € XV is irreducible and XV does not have finitely many orbits.
Then X ysp is irreducible hypersurface in X V.

Theorem

Xeusp is of codimension 2 for the format N CN @ CHN=R)+L

| A\
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Cusp Component

Partial Results

Theorem

Assume that the format is not boundary.

The determinant of Hessian matrix is irreducible except the
following classes:

A?CM @ CM2 @ CM
N’ CM @ CM2 @ CM

Emre SEN Northeastern University

Singularities of dual varieties associated to exterior representations



Dual Variet; Singularities of dual varieties Cusp Component Node Component

Generic Node Type For A" CM @ ... @ A" CM

Plainly, we analyze forms which are tangent to the variety at two
distinct points. Generic form is:

F = Zah;...;m%) e ng), where [; is the index set of /\kj CNi of
size k; and I; C [1, N;]. We define:

st =1, k)
I;'CLSt — (N] 7k] +1,,N])
Jfirst _ <I{irst; o Lfirst)

last __ last. . Tlast
st — (et | o e
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Node Component

There is a natural action of the group
G=SL ((CNl) X ...xSL ((CNT) on the form.
S :={F|ar.;. ., =0 whenever
st N (I, L) | > k4. 4 ke —1
or [t N (Iy;.. . I,)| > k1+...+kr—1}
Xnode =G oS J
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Node Component

Generic node component for A CV' @ ... @ N\ CN* is always
codimension one except:

A’C8, N°CT, A\ CB
AN2CreC?, ANPCto C3 A’ C e CY APCe CP
A2 CP®C3ACP®C4 \?°CO o C?
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Node Component

Thank You!
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