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Kac’s Conjecture



Action of GL(3) on rep(Q, )

Definition

Lrep(Q,8)= [ Matsghayesea)(K)

a arrow of @

2.GL(B) = [ GLB()

i vertex of @

There is a natural action of GL(3) on rep(Q, 3) by simultaneous
conjugation:

(g V)(a) = g(ha) - V(a) - g(ta) "



Algebra of Semi-invariants

stg) = JI Sty

i vertex of Q

The algebra of semi-invariants is:

SI(Q, B) = Krep(Q, B)]°-?)



Locally Semi-Simple Representations

e Hilbert's 14th problem = SI(Q, ) is finitely generated.
e SI(Q, ) defines the affine quotient variety rep(Q, 3)//SL(5).

o V erep(Q,[) is called locally semi-simple if:

SL(B)V = SL(B)V.



Kac’s Conjecture

“It seems that in the case of finite and tame
oriented graphs...a representation is [locally]
semisimple if and only if its endomorphism ring
is semisimple.” (page 161, Infinite Root Sys-
tems, Representations of Graphs and Invariant
Theory 11, Journal of Algebra, 78, 1982)

Victor Kac



Stability

Fact
There is an epimorphism of abelian groups: (Z9,+) — X*(GL(f)), where
0 — xg, defined by:
XG IEQo : H det
i€Qo

Fact

SI(Q, B) = @SIQﬁgwhere

0ez.%

SI(Q,B)e = {f € K[rep(Q,B)]|g - f = 0(g)f,Vg € GL(B)}.



Stability

Definition

Let V € rep(@, ), 6 € Z9, and GL(B)g: = ker(xp).

a) We say that V is 0-semi-stable if there exist n € Z>1 and
f € SI(Q, B)ng such that f(V) # 0.

b) We say that V is O-stable if V' is -semi-stable, and GL(B)g - V is a
closed orbit of dimension dim GL(5) — 2.

Theorem (King, 1993)
Let V € rep(Q, ) and 6 € Z.%.

1. V is 0-semi-stable if O(dim V) = 0 and 6(dim V') <0 for all V' < V.
2. V is O-stable if 6(dim V') = 0 and 6(dim V') < 0 for all proper V' < V



Locally Semi-Simple Representations and Stability

Theorem
Let V € rep(Q, B) with

V ~ ErB \/I.m’
i=1

a decomposition of V' into pairwise non-isomorphic indecomposable repre-
sentations V1, ..., V,, with multiplicities my, ..., m, > 1. Then the follow-
ing are equivalent:

a) V is locally semi-simple;

b) there exists a common weight 6 of Q such that each V; is O-stable.



Semi-Simple Endomorphism Rings

Definition
A sequence of representations V1, ..., V, is called an orthogonal Schur se-
quence if all the representations V; are Schur and Hom(V;, V;) = 0 for

i #J.
Theorem

Let A be a K-algebra and V an A-module. Let

2= @ v/
i=1

be a decomposition of V' into pairwise non-isomorphic indecomposable A-

modules Vi, ..., V, with multiplicities my,...,m, > 1. Then Enda(V) is
a semi-simple K-algebra if and only if Vi, ..., V, form an orthogonal Schur
sequence.

10



One Direction of Kac’s Conjecture

Corollary

Let Q be any acyclic quiver and V' € rep(Q, 8). If V is locally semi-simple,
then Endg(V) is semi-simple.

Key question: Given an orthogonal Schur sequence, does there exists a
common weight 0 such that each representation is 0-stable?
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Orthogonal Schur Sequences and
Stability Weights




Non-regular Case

Definition
A sequence Vi, ..., V, is called an exeptional sequence if each V; is excep-
tional and Homq(V;, V;) = Extg(V;, V) =0 for i < j.

Proposition (Derksen-Weymen)

Let Q be a quiver and L = (V4, ..., V,) an orthogonal exceptional sequence
of representations of Q. Then there exists a weight 6 such that V; is O-stable
foralll1 <i<r.

Proposition

a) When Q is Dynkin, any orthogonal Schur sequence has a common
stability weight.
b) When Q is Euclidean, any orthogonal Schur sequence containing at

least one non-regular representation has a common stability weight.
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The Regular Category

R(Q) = rep (Q)75.,

Lemma

Let X be a regular simple representation. Then:

i) X is Schur;

i) 7/(X) is regular simple for all i;

)
i) T
i) X is T-periodic;
iv) 7(X) = X if and only if dim X = ré, for some r € Z>o;
)

v) if X has period p, then dim X +dim 7(X) + ... +dim 7P~ }(X) = 6.
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Indecomposable Regular Representations

Definition
A regular representation X is called regular uniserial if all of the regular
subrepresentations of X lie in a chain:

0=XCXtC...C X1 C X, =X

In this case, X has regular simple composition factors X1, Xo /X1, ..., X,/ X,_1,
regular length ré(X) := r, regular socle rSoc(X) := X1 and regular top
rTop(X) := X/X,_1.

Theorem

Every indecomposable regular representation X is regular uniserial. More-
over, if E is the regular top of X, then the compositions factors of X are
precisely E,7(E),...,7%(E) where £ + 1 = r{(X).

ii5)






Regular Case

Proposition

Let Q be a Euclidean quiver. Then given any orthogonal Schur sequence of
regular representations V1, ..., V, there exists a weight 0 such that each V;
is O-stable.
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Example

Let @ be the ﬁ)5 quiver:
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The three non-homogeneous regular tubes of Q are generated by the following regular
simples:

K K 0 0 0 0
N i NS NS
Ti=(E= K—=K B2 = K—=0 ,E3 = 0—K ,
AN AN VAN
K K 0 0 0 0
K K 0 0
e
75—<L1— “ K—=K v L= /K»K >
/ TN
0 \0 K id id K
K /0 0 K
T3—<Y1— 4K - K Yo = K-—>K ™ >
d \ d
0 id K K id 0
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Consider the orthogonal Schur sequence

L=LyUL1ULyUL3,

where:
K\J%] [11]/4K K\j
Lo=< V1= K2 > K2 L= Vo=
AN
k31 ATk kKl
K 11 K
11
\io] [ ]/4 E
Lo=4q V3= K27K2 =| &
K/[4°] [”\]\K &

and £3 = {V5 = Y1, V6 = Yg}.

20



Eq
E.
E:

-~
4544 <
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The general solution of this system is (¢t,2 —t,1 —t, t —1,0,—1) for
t € R. When t=1, we get 6 =(1,1,0,0,0,—1)

Now set:

c=0+2(-)=(3,-1,-2,2,0,—1).

6
Then each V; is o-stable and V = GB V; is locally semi-simple.
i=1
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Example

Theorem (Main Result)

Let Q be an acyclic quiver. Then the following statements are equivalent:

(i) Q is tame;

(i) a Q-representation V is locally semi-simple if and only if Endg(V) is
semi-simple.
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Thank you!
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