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Abstract

Let Q be an open, simply connected, and bounded region in R%, d > 2,
and assume its boundary 92 is smooth. Consider solving the elliptic par-
tial differential equation —Au+~u = f over  with a Neumann boundary
condition. The problem is converted to an equivalent elliptic problem over
the unit ball B, and then a spectral method is given that uses a special
polynomial basis. In the case the Neumann problem is uniquely solvable,
and with sufficiently smooth problem parameters, the method is shown to
have very rapid convergence. Numerical examples illustrate exponential
convergence.

1 INTRODUCTION

Consider solving the Neumann problem for the following elliptic equation,

—Au+v(s)u = f(s), s=(51,...,840)" €Q (1)
agrgj) = g(s), s € 00 (2)

Assume  is an open, simply-connected, and bounded region in R%, d > 2, and
that its boundary 99 is several times continuously differentiable. Similarly, as-
sume the functions ~(s) and f(s) are several times continuously differentiable
over , and that g(s) is several times continuously differentiable over the bound-
ary 0€2. The full power of the method can be seen when the boundary and the
solution are well behaved.

There is a rich literature on spectral methods for solving partial differential
equations. From the more recent literature, we cite [5], [6], [7], [14], [15]. Their



bibliographies contain references to earlier papers on spectral methods. The
present paper is a continuation of the work in [1] in which a spectral method is
given for a general elliptic equation with a Dirichlet boundary condition. Our
approach is somewhat different than the standard approaches. We convert the
partial differential equation to an equivalent problem on the unit disk or unit
ball, and in the process we are required to work with a more complicated equa-
tion. Our approach is reminiscent of the use of conformal mappings for planar
problems. Conformal mappings can be used with our approach when working
on planar problems, although having a conformal mapping is not necessary.

In §2 we assume that (1)-(2) is uniquely solvable, and we present a spectral
Galerkin method for its solution. In §3 we extend the method to the problem
with (s) = 0 in Q. The problem is no longer uniquely solvable and we extend
our spectral method to this case. The implementation of the method is discussed
in §4 and it is illustrated in §5.

2 A spectral method for the uniquely solvable
case
We assume the Neumann problem (1)-(2) is uniquely solvable. This is true, for

example, if B
v(s) > ¢y >0, se (3)

for some constant ¢, > 0. For functions v € H? (Q), v € H' (Q),

/v(s) [—Au(s) + v(s)u] ds = / [Vu(s) - Vu(s) +v(s)u(s)v(s)] ds
Q

Q

Introduce the bilinear functional
A(vi,v2) = / [Vui(s) - Voa(s) + v(s)vi(s)va(s)] ds. (5)
Q

The variational form of the Neumann problem (1)-(2) is as follows: find u such
that
A (u,v) = £1(v) + €5 (v), Yo € H' (Q) (6)

with the linear functionals defined by
b0 = [ o)) ds ™)
b= [ o) g ds (®)

The norms we use for £1 and 5 are the standard operator norms when regarding
{1 and /3 as linear functionals on H' (). The functional ¢; is bounded easily
on H' (Q),

16 ) < [fllzllolle < 1fllezllollee- 9)



As is common, we often use ||v|; in place of ||v]|g1; and ||v||; should not be
confused with |[v|| 1.

The functional ¢5 is bounded (at least for bounded domains ). To show
this, begin by noting that the restriction p : H'(Q) — H'/2(9%) is continuous
[11, Th. 3.37] and the embedding ¢ : H'/2(9Q) — L?*(9Q) is compact [11, Th.
3.27). If we further denote by [, the continuous mapping

ly:um u(s)g(s) ds, u € L*(09)
9]

then we see fo = I, 010 p, and therefore ¢, is bounded.
It is straightforward to show A is bounded,

A (v, w)] < callvlly lwlly

(10)
ea = mas (L[]}
In addition, we assume A is strongly elliptic on H* (Q2),
Aw,v) > eelollf,  veH' (D) (11)

with some ¢, > 0. This follows ordinarily from showing the unique solvability of
the Neumann problem (1)-(2). If (3) is satisfied, then we can satisfy (11) with

ce =min{l, c,}

Under our assumptions on A, including the strong ellipticity in (11), the Lax-
Milgram Theorem implies the existence of a unique solution u to (6) with
1
lully < —[I162]l + ll€2]] - (12)
Ce
Our spectral method is defined using polynomial approximations over the
open unit ball in R%, call it By. Introduce a change of variables

s=®(x), x=(11,...,24)7

Bygoxr—scf

with ® a twice-differentiable mapping that is one-to-one from B; onto Q. Let

v=06"1:0 1;:> B,. [We comment later on the creation of ® for cases in which
onto

only the boundary mapping ¢ : B4 — 9 is known.] For v € L? (), let
v(x) =v (P (x)), x € By CR?

and conversely, -
v(s) =0 (T (s)), sc QCR%

Assuming v € H! (), we can show

Vil (x) = J(x)" Vav(s), s=d(x)



with J (x) the Jacobian matrix for ® over the unit ball By,

a(bz(x):|d X € Ed.

833]‘

I = (0% ) = |

7,j=1

Similarly,
Veu(s) = K(s)'V,0(x), x = U(s)

with K (s) the Jacobian matrix for ¥ over €. Also,
K(@®x)=J(x)". (13)

Using the change of variables s = ® (x), the formula (5) converts to

A(vi,v2) = Bd{[K (@ (x))" Vatn (x)]"[K (@ (x))" Vi (x)]
+ (P (x))v1(® (x))v2 (P (x)} [det [J(x)]] dx
= Bd{[J (%) Vit (%)) [J (%) 7T Vel (x)]
+ 3 (x)v1(x)v2(x)} [det [J(x)]| dx
= Bd{Vxﬁl (x)" A(X)ViBia (%) + F(x)T1 (x)02(x) } [det [J (x)]] dx
= A (31, 7) (14)
with

Ax)=Jx)J(x)".

We can also introduce analogues to £; and {3 following a change of variables,
calling them ¢; and /5 and defined on H' (By). For example,

() = [ 01000 et [70)] .
d
We can then convert (6) to an equivalent problem over H' (B,). The variational
problem becomes
A@,2)=6@) + 6 [@), VoeH (By). (15)

The assumptions and results in (6)-(11) extend to this new problem on H! (By).
The strong ellipticity condition (11) becomes

A@,0) > |03,  veH" (B, (16)
min |det J(x)]

G =ce XDy - (17)
max 1, max, g, /()]




where ||.J(x)||, denotes the operator matrix 2-norm of J(x) for R%. Also,

4@, )| < 2alol 1],

2 = { max det [760]1  max { max 460 e}

xXEBgy XEBy

For the finite dimensional problem, we want to use the approximating sub-
space II,, = I1¢. We want to find w,, € II,, such that

AUy, 0) =0(0) + 6 (D), Vo el,. (18)

The Lax-Milgram Theorem (cf. [2, §8.3], [3, §2.7]) implies the existence of u,
for all n. For the error in this Galerkin method, Cea’s Lemma (cf. [2, p. 365],
[3, p. 62]) implies the convergence of w, to u, and moreover,

[ — ]l < 2 inf 7 — s (19)
Ce vEIl,
It remains to bound the best approximation error on the right side of this
inequality.

Ragozin [13] gives bounds on the rate of convergence of best polynomial
approximation over the unit ball, and these results are extended in [4] to si-
multaneous approximation of a function and some of its lower order derivatives.
Assume u € C™ 1 (Ed). Using [4, Theorem 1], we have

) - c(u,m 1
inf ||u—7| < (nm )W;z,m+1 <n) (20)

velly,

with

lal=m+1 \ |x—y|<6

wimt1 (6) = sup < sup  [D%u(x) — DW(Y)) :
The notation D*% (x) is standard derivative notation with « a multi-integer.
In particular, for a = (ay,...,aq),
IS DTCTI)

D%u =
(%) ox{t - - - 0xy?

When (20) is combined with (19), we see that our solutions w,, converge faster
than any power of 1/n provided u € C'* (Bd). Although we are proving con-

vergence in only the H' norm, our numerical examples use the C(B4) norm, for
convenience. We note that the space C(By) is not embedded in H!(B,).
From the definition of ¢, in (17) and its use in (19), it seems desirable to
maximize the quantity
min |det J(x)| (21)
xEBy
rather than just asking that it be nonzero. It seems likely that the smaller the
value for ¢., the greater the ill-conditioning in the transformed problem (18).
There appears to be little known in general about choosing a transformation
function ® so as to maximize the size of ¢, or the quantity in (21). Later in the
paper we comment further on the creation of a mapping ®.



3 A spectral method for —Au = f

Consider the Neumann problem for Poisson’s equation:

—Au = f(s), seN (22)
8{1;755) = g(s), s € 0Q (23)

As a reference for this problem, see [3, §5.2].
As earlier in (4), we have for functions u € H? (Q), v € H' (Q),

S)Au(s)ds = — u(s) - vu(s) as US6U(S)S
[r@sutsyis == [ vus) vusds+ [ o Gias (@

1219]

If this Neumann problem (22)-(23) is solvable, then its solution is not unique:
any constant added to a solution gives another solution. In addition, if (22)-(23)
is solvable, then

/Qv(s)f(s) ds = /Q vu(s) - Vu(s) ds — /aQ v (s)g(s)ds (25)

Choosing v(s) = 1, we obtain

[ rerds == [ gts)s (26)

This is a necessary and sufficient condition on the functions f and g in order that
(22)-(23) be solvable. With this constraint, the Neumann problem is solvable.
To deal with the non-unique solvability, we look for a solution w satisfying

/ u(s)ds =0 (27)
Q
Introduce the bilinear functional
A(v,v9) = / Vor(s) - Vua(s) ds (28)
Q

and the function space

V:{veHl(Q):/v(s)ds:O} (29)

Q
A is bounded,
A, w)| <[l [wly, — Vo,weV.

From [3, Prop. 5.3.2] A(-,-) is strongly elliptic on V, satisfying

A (v,v) Zce||vH%, vey



for some ¢, > 0. The variational form of the Neumann problem (22)-(23) is as
follows: find w such that

A (u,v) = l1(v) + L2 (v), Yv eV (30)

with ¢; and ¢y defined as in (7)-(8). As before, the Lax-Milgram Theorem
implies the existence of a unique solution u to (30) with

1
lully < =[xl + 1€l

As in the preceding section, we transform the problem from being defined
over §) to being over By. Most of the arguments are repeated, and we have

A (@, 72) = : {Vx1 (%) A(x) VB2 (x)} |det [ (x)]| dx.

The condition (27) becomes

/B 3(x) |det [J(x)]| dx = 0.

We introduce the space

V= {ae H' (B) : /Bﬁ(x)\det [J(x)]] dx:O}. (31)
The Neumann problem now has the reformulation
A7) =0,0) + 6 (3), VoeV (32)
For the finite dimensional approximating problem, we use
V., =VnIl, (33)
Then we want to find w,, € 17n such that
AU, ) =06(0)+6@), YieV, (34)

We can invoke the standard results of the Lax-Milgram Theorem and Cea’s
Lemma to obtain the existence of a unique solution u,, and moreover,

i = i}y < c inf i —v]s. (35)

veEV,

for some ¢ > 0. A modification of the argument that led to (20) can be used
to obtained a similar result for (35). First, however, we discuss the practical

problem of choosing a basis for V,.



3.1 Constructing a basis for 17n

Let {goj 1< < Nﬁ} denote a basis for II,, (usually we choose {<pj} to be an
orthogonal family in the norm of L? (By)). We assume that ¢, (x) is a nonzero
constant function. Introduce the new basis elements

. 1 .
Bi=¢i— g [ el dx, 1< <N (36)

with
= / det [J ()| dx = [|det []l|. (37)
B

Then »; = 0 and

/ ;(x) |det [J(x)]| dx:/ p;(x) |det [J(x)]| dx
B B

- & | [ esataentsoanax | [ aetreo ax]
=0

Thus {fpj :2<5< N,‘f} is a basis of ]7” and we can use it for our Galerkin
procedure in (34).

Although we choose the basis {ij 1< < fo} to be orthogonal in L? (By),
the resulting basis {@ :2<5< Ng} is quite unlikely to be orthogonal, espe-
cially in the norm of H!(By). Nonetheless, we want a basis that is linearly
independent in a fairly strong way, to minimize ill-conditioning in the linear
system associated with (34); and choosing {¢; } as orthogonal in L? (Bg) seems
to help a great deal, at least when observed experimentally. We do not have
any theoretical results on the size of the condition numbers associated with
the linear system obtained from (34). These types of results have been investi-
gated in the past for variational methods (e.g. see Mikhlin [12]), although these
do not appear to apply directly to our method. This is a subject for further
investigation.

3.2 The rate of convergence of u,

Now we estimate inf v|]1; see (35). Recalling (36), we consider the

v€\7n Ha -
linear mapping P : L?(By) — L?(By) given by

(PR)(x) = (x) = & [ 1detl T (w) dy.
O = detl 1



see (37). The mapping P is a projection
P(PiI)(x) = (PR)(x) — & / et/ (4)]] (PE)() dy
=u(x) — = / |det[.J u(y) dy—

(& / |detu<y>]|( / detls ()] (o)) dy)

— di(x ——/|det 1| i) y——/|det i(y) dy
7/ Idet[J (»)] dy/ (det[J(2)]| i(2) d

- Ux _7/ det[J ()] Ay) dy

= (Pu)(x)

So P? = P and P is a projection; and thus as a consequence, ||P|[z2_r2 > 1.
Also,

1Pl = 7 — & / det[T(y)]| @y) dy]lz»

<l + & | [ aetlall o) do] 12

d/2

< ||w — || det[J u —
< il + glaettas s | o

(Cauchy-Schwarz)

w2 || det[ g2 | |\~
=11+ Ul 72
( I'(1+ %d) || det[J][| s Iz

= cpl|ul| 2

which shows || P||p22 < cp and V := P(H(By)), see (31). For & € H*(By)
we also have Pu € H'(B,) and here we again estimate the norm of P:

1PalF = I1Pal3 + IV (Pa)ll3
< cpllall3 + Va3
since V(Pu) = Vu. Furthermore c¢p > 1, so
1Pal7 < cpllalz + bl Valls
= cp(lal7- + [ ValZ2)

= cpllullt
[Pl e < cpllt]



and we have also || P|| g1z < cp. For i € V = P(H'(B)) we can now estimate
the minimal approximation error

min [ —pllgr —  min [Pu—plm P is a projection
PEVn PEV and © € image(P)
= min ||PU— Ppl|m because V,, = P(II,,)
pell,
<

Jin [Pl g [ = pll e

n

< c¢p min ||[u—
< e min i —plm

and now we can apply the results from [4].

4 Implementation

Consider the implementation of the Galerkin method of §2 for the Neumann
problem (1)-(2) over by means of the reformulation in (15) over the unit ball
B,. We are to find the function w, € II, satisfying (15). To do so, we begin
by selecting a basis for II,,, denoting it by {¢;,...,ox}, with N = N,, = N =
dim IT,,, where the specific meaning should be clear from the context. Generally
we use a basis that is orthonormal in the norm of L? (Bg). It would be better
probably to use a basis that is orthonormal in the norm of H! (By); for example,
see [18]. We seek

() = 3w () (39)
k=1

Then (18) is equivalent to

N d
S [ |3 a0 O 0 i, 0 | et 9]
k=1 a |ij=1 J v

= [ £ (0 det 760 ax (39)

+/ 9 (%) 0 (%) [Jpay (x)| dx, (=1,...,N
9B,

The function |Jyq,(x)| arises from the transformation of an integral over 92 to

one over 0By, associated with the change from ¢5 to Zz as discussed preceding
(15). For example, in one variable the boundary 92 is often represented as a

mapping
X(0)=(x:1(0),x2(0)), 0<6<2m

In that case, |Jpqy(x)|is simply |x’ (0)| and the associated integral is

27
/ 0 (x (0)) 0 (x (0)) X' (8)] doO

0

10



In (39) we need to calculate the orthonormal polynomials and their first partial
derivatives; and we also need to approximate the integrals in the linear system.
For an introduction to the topic of multivariate orthogonal polynomials, see
Dunkl and Xu [8] and Xu [17]. For multivariate quadrature over the unit ball
in R4, see Stroud [16].

For the Neumann problem (22)-(23) of §3, the implementation is basically
the same. The basis {¢q,...,¢x} is modified as in (36), with the constant C
of (37) approximated using the quadrature in (44), given below.

4.1 The planar case

The dimension of II,, is )
Nﬁzi(n+1)(n+2) (40)

For notation, we replace x with (z,y). How do we choose the orthonormal basis
{o(z, y)}é\;l for I1,,? Unlike the situation for the single variable case, there are
many possible orthonormal bases over By = D, the unit disk in R2. We have
chosen one that is particularly convenient for our computations. These are the
"ridge polynomials" introduced by Logan and Shepp [10] for solving an image
reconstruction problem. We summarize here the results needed for our work.
Let
V,={Pell,:(P,Q)=0 VQecll,_1}

the polynomials of degree n that are orthogonal to all elements of II,,_;. Then
the dimension of V,, is n + 1; moreover,

I, =V V1 ®--- BV, (41)

It is standard to construct orthonormal bases of each V,, and to then combine
them to form an orthonormal basis of II,, using the decomposition in (41). As
an orthonormal basis of V,, we use

Onr(T,y) = %Un (xcos (kh) + ysin (kh)), (z,y)€ D, h= il (42)

n+1

for k=0,1,...,n. The function U, is the Chebyshev polynomial of the second
kind of degree n:
sin(n+1)6

Un(t) = —_————, t=cosf, —1<t<1 n=01... (43)

The family {90”, k}zzo is an orthonormal basis of V,,. As a basis of I1,,, we order
{©n.1} lexicographically based on the ordering in (42) and (41):

N
{W}ezl = {@0707 ¥1,00 P1,15 2,00 -+ Pn,0 ---=90n,n}

To calculate the first order partial derivatives of ¢, (x,y), we need U, (t). The
values of U,(t) and U, (t) are evaluated using the standard triple recursion

11



relations
Uns1(t) = 2tU,(t) — Up—1(t)
U1 (£) = 20, (t) + 20, (£) = U,y (¢)

For the numerical approximation of the integrals in (39), which are over B
being the unit disk, we use the formula

2rm 21
Ydxd 44
[tz =3 S0 (n 22 Y2

=0 m=0

Here the numbers w; are the weights of the (¢ + 1)-point Gauss-Legendre quadra-
ture formula on [0, 1]. Note that

/0 p(z)de = Zp(rl)wl,

=0

for all single-variable polynomials p(x) with deg (p) < 2¢ + 1. The formula (44)
uses the trapezoidal rule with 2¢ + 1 subdivisions for the integration over By in
the azimuthal variable. This quadrature is exact for all polynomials g € Ily,.
This formula is also the basis of the hyperinterpolation formula discussed in [9].

4.2 The three dimensional case

In the three dimensional case the dimension of II,, is given by

n+3
N} =
=(1)
and we choose the following orthogonal polynomials on the unit ball
(0,m—2j+1)
P gp(X) = cmgpy 2 (2]x]? = 1)Spm 2 (%)
meai (0,m—2j+1) x
= el R - Dy () 9
j=0,...,lm/2], B8=01,....2(m—2j5), m=0,1,...,n

4o (0,m—2j+1%)

The constants ¢, ; are given by ¢, ; = =2it% 7, ; and the functions p;
are the normalized Jacobi polynomials. The functlonb Sg,m—2j are spherical
harmonic functions and they are orthonormal on the sphere S2 C R3. See
[8, 1] for the definition of these functions. In [1] one also finds the quadrature

methods which we use to approximate the integrals over By (0) in (14) and (15).
The functional ¢ in (15) is given by

/ | ot 7 (@(T(1,0,0)) (46)

(@0 T)a(1,0,¢) x (B o X)y(L,0,9)[ v(D(T (1,0, 9)))de db

12



0.5+

Figure 1: Images of (49), with a = 0.5, for lines of constant radius and constant
azimuth on the unit disk.

where
Y (p,0,p) := p(sin(f) cos(¢), sin() sin(¢), cos(h)) (47)

is the usual transformation between spherical and Cartesian coordinates and the
indices denote the partial derivatives. For the numerical approximation of the
integral in (46) we use traezoidal rules in the ¢ direction and GauB-Legendre
formulas for the 6 direction.

5 Numerical examples

The construction of our examples is very similar to that given in [1] for the
Dirichlet problem. Our first two transformations ® have been so chosen that
we can invert explicitly the mapping ®, to be able to better construct our test
examples. This is not needed when applying the method; but it simplifies
the construction of our test cases. Given ®, we need to calculate analytically
the matrix J (x), from which we can then calculate

Ax)=J(x) "' J(x)". (48)

13



5.1 The planar case

For our convenience, we replace a point x € By with 7(3:,y), and we replace a
point s €  with (s,t). Define the mapping ® : B — Q by (s,t) = @ (z,y),

3:x7y+ax2

t=x+y (49)

with 0 < a < 1. It can be shown that @ is a 1-1 mapping from the unit disk B.
In particular, the inverse mapping ¥ : 2 — B is given by

x:l[—L+VTIECﬂ3ﬂ
lat = (~1+ VT aG+0)]

In Figure 1, we give the images in Q of the circles 7 = j/10, 5 = 1,...,10 and
the azimuthal lines 0 = j7 /10, j = 1,...,20.

The following information is needed when implementing the transformation
from —Au + yu = f on ) to a new equation on B:

14 2ax -1
D@:J(m,y)z( 1 1 )

det (J) =2(1+ ax)
_ 1 1 1
J(JJ) 1:2(1+a:p)(1 1+2asc>

_ —1 -T _ 1 1 axr
A—J(IIJ) J({E) _2(1+am)2<a$ 2a2:c2+2ax+1)

The latter are the coefficients needed to define A in (14).
We give numerical results for solving the equation

—Au(s,t) e tu(s, ) = fs,t), (s,t)€Q (51)

(50)
y =

QI o

As a test case, we choose

u(s,t) = e cos (nt), (s,t) € (52)
The solution is pictured in Figure 2. To find f(s,t), we use (51) and (52). We
use the domain parameter a = 0.5, with € pictured in Figure 1.

Numerical results are given in Table 1 for even values of n. The integrations
in (39) were performed with (44); and the integration parameter g ranged from
10 to 30. We give the condition numbers of the linear system (39) as produced
in MATLAB. To calculate the error, we evaluate the numerical solution u,, and
the analytical solution # on the grid

®(z;5,yi;) = ®(ricosfj,risinb;)
N R G L - S
(ri,0;) <10,10>, i=0,1,...10; j5=1,...20

14



Table 1: Maximum errors in Galerkin solution .,

Figure 2: The function u(s,t) of (52)

no| Ny | Jlu—upl|l | cond || n | Ny | |lu—wuyl. | cond
2 6 9.71F -1 14.5 || 14 | 120 | 3.90E —5 6227
4 | 15| 287TE—1 | 86.1 || 16 | 153 | 6.37TE —6 | 10250
6 | 28 | 5.85E—2 | 309 || 18 | 190 | 8.20E —7 | 15960
8 | 45 | 1.16E —2 824 || 20 | 231 | 9.44FE —8 | 23770
10 | 66 | 2.26FE —3 | 1819 || 22 | 276 | 1.06E —8 | 34170
12| 91 | 2.81E—4 | 3527 || 24 | 325 | 1.24E —9 | 47650

The results are shown graphically in Figure 3. The use of a semi-log scale
demonstrates the exponential convergence of the method as the degree increases.
For simplicity, we have chosen to use the uniform norm |u — ||, rather than
the Sobolev norm ||u — u, ||, of H* (2) that arises in the theoretical error bounds
of (19)-(20).

To examine experimentally the behaviour of the condition numbers for the
linear system (39), we have presented the condition numbers from Table 1 in
Figure 4. Note that we are graphing N2 vs. the condition number of the associ-
ated linear system. The graph seems to indicate that the condition number of
the system (39) is directly proportional to the square of the order of the system,

with the order given in (40).
For the Poisson equation

—Au(s,t) = f(s,t),

15

(s,t) € Q
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Figure 3: Errors from Table 1

with the same true solution as in (52), we use the numerical method given in §3.
The numerical results are comparable. For example, with n = 20, we obtain
lu — |, = 9.90 x 1078 and the condition number is approximately 14980.

5.2 The three dimensional case

To illustrate that the proposed spectral method converges rapidly, we first use
a simple test example. We choose the linear transformation

I 731‘2
S = (I)l(X) = 2{131 —+ X9
T1+ X2 + 3

so that B;(0) is transformed to an ellipsoid §2;; see figure 5. For this transfor-
mation D®; and J; = det(D®;) are constant functions. For a test solution, we
use the function

u(s) = s1e°? sin(sg) (53)

which is analytic in each variable.

Table 2 shows the errors and the development of the condition numbers for
the solution of (1) on Q4. The associated graphs for the errors and condition
numbers are shown in figures 6 and 7, respectively. The graph of the error is
consistent with exponential convergence; and the condition number seems to
have a growth proportional to the square of the number of degrees of freedom
N,.

16
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Figure 4: Condition numbers from Table 1

Next we study domains €2 which are star shaped with respect to the origin,
Oy = {x R’ |x="T(p,0,¢), 0<p<R(0,¢)} (54)

See (47) for the definition of T, and R : S? — (0,00) is assumed to be a
C® function. In this case we can construct arbitrarily smooth and invertible
mappings ¢ : B1(0) — Qy as we will show now. First we define a function
t:[0,1] — [0,1]
0 0
t(p) := . " e
v { 2(p=3) 3

the parameter e; € N determines the smoothness of t € C¢~1[0,1]. For the
following we will assume that R(6,¢) > 1, for all § and ¢; this follows after an

1
27
3 (55)

Table 2: Maximum errors in Galerkin solution u,,
Ny | lu—wupll | cond || n | Ny | |lu—wuyl| | cond
4 | 9.22E+00 8 9 | 220 | 4.15FE — 04 | 1964
10 | 5.25FE + 00 31 10 | 286 | 6.84F — 05 | 2794
20 | 1.92E + 00 79 11 | 364 | 1.11E — 05 | 3862
35 | 5.80F —01 | 167 12 | 455 | 1.60E — 06 | 5211
56 | 1.62E —01 | 314 13 | 560 | 2.06FE — 07 | 6888
84 | 4.53FE —02 | 540 14 | 680 | 2.60F — 08 | 8937
120 | 1.03E — 02 | 871 15 | 816 | 3.01E — 09 | 11415
165 | 2.31E —03 | 1335 || 16 | 969 | 3.13E — 10 | 14376

O | O x| W N3

17



Figure 5: The boundary of

appropriate scaling of the problem. With the help of ¢ we define the function
R which is monotone increasing from 0 to R(6,¢) on [0,1] and equal to the
identity on [0,1/2],

R(p,0,¢) :=t(p)R(0,8) + (1 —t(p))p
Because

0

%E(p,ﬂ,qﬁ) =t'(p)(R(0,6) = p) + (1 = t(p)) > 0, pe[0,1]

the function R is an invertible function of p of class C®~1. The transformation
D, : B1(0) — Qy is defined by

Dy(x) := T(R(p,0,9).0,0), x="T(p,0,¢) € Bi(0)

The properties of R imply that ®, is equal to the identity on B 1 (0) and the
outside shell B1(0) \ B1(0) is deformed by ®; to cover €2 \ B1(0).
For a test surface, we use

R(0,6) = 2 + gcos(%’)) sin(6)2(7 cos(0)? — 1) (56)
es = 9;

see figures 8-9 for pictures of 9. For our test example, we use u from (53).

18
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Figure 6: Errors from Table 2

The term cos(2¢) sin(6)?(7 cos(#)*—1) is a spherical harmonic function which
shows R € C*°(S?), and the factor 3/4 is used to guarantee R > 1. For the
transformation ®5 we get ®3 € C*(B1(0)), so we expect a convergence of order
O(n=%). Our spectral method will now approximate u o ®3 on the unit ball,
which varies much more than the function in our first example.

We also note that one might ask why we do not further increase e (see (55))
to get a better order of convergence. It is possible to do this, but the price one
pays is in larger derivatives of uo @5, and this may result in larger errors for the
range of n values where we actually calculate the approximation. The search
for an optimal e, is a problem on its own, but it also depends on the solution
u. So we have chosen e; = 5 in order to demonstrate our method, showing that
the qualitative behaviour of the error is the same as in our earlier examples.

The results of our calculations are given in table 3, and the associated graphs
of the errors and condition numbers are shown in figures 10 and 11, respectively.
The graph in Figure 11 shows that the condition numbers of the systems grow
more slowly than in our first example, but again the condition numbers appear
to be proportional to N3. The graph of the error in Figure 10 again resembles
a line and this implies exponential convergence; but the line has a much smaller
slope than in the first example so that the error is only reduced to about 0.02
when we use degree 16. What we expect is a convergence of order O(n~?), but
the graph does not reveal this behavior in the range of n values we have used.
Rather, the convergence appears to be exponential. In the future we plan on
repeating this numerical example with an improved extension ® of the boundary
given in (56).
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Remark 1 When given a mapping ¢ : 0B — 02, it is often nontrivial to find

an extension ® : B 1;:> Q with ®|,5 = ¢ and with other needed properties. For
onto

example, consider a star-like region  whose boundary surface 9S) is given by
p=R(0,0)
with R : S? — 09. It might seem natural to use
D (p,0,0) =pR(O,0), 0<p<1l, 0<O0<m 0<¢<2m

However, such a function ® is usually not continuously differentiable at p = 0.
We are exploring this general problem, looking at ways of producing ® with the
properties that are needed for implementing our spectral method. The choice of
the transformation ® also affects the conditioning of the transformed problem, as
was noted earlier in this paper. Current research on producing ® includes work
on mazximizing the minimum value of | det J(x,y)|, to help reduce any possible ill
conditioning in the transformed problems. These results will appear in a future

paper.
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