B is bilinear if
B(cvy 4 dvg, w) = e¢B(v1,w) + dB(ve, w)
B(v, cwy + dws) = cB(v,wy) + dB(v,ws)

Thus

B((v1,w1) 4 (v2,w2)) = B(v1 + va, w1 + wa)
= B(vi, w1 + ws) + B(vg, wy + wo)
= B(vi,w1) + B(v1,ws) + B(va,w1) + B(vg, ws)

B is linear if
B((v1,w1) + (v2,w2)) = B((v1,w1)) + B((v2, w2))
B(c(vy,w1)) = eB((v1,wy)

Let (V xW)?={B:V x W — R | B bilinear }

VoW =[(VxW)*={h:(VxW)—R|hlincar }
fveViweW,letvw: (VxW)?—=R, (vow)(B)=B,uw)
Prop: v@w e Ve W.

Proof: (v ® w)(c1B1 4 c2Bs) = (c1B1 + c2B2)(v,w) = ¢1B1(v,w) + caBa(v,w) =
c1(v®@w)(B1) + c2(v ® w)(Ba).

PI‘OpZ 2?217’2'(’02' 0% wl) eVW.

PI‘OOfZ (Z?eri(vi X wi))(clBl + CQBQ) = 2?217’2'(’02' X wi)(clBl + CQBQ)
= 2?21617“1'(’0@' ® wl)(Bl) + CQTi(’l)i X wl)(Bz)
=C1 (Z?eri(ﬂi X U}l))(Bl) + CQ(E?eri(Ui ® wz))(Bz)

Note (X7 ,7i(v; @ w;))(B) = X ri(v; @ w;)(B) = X111 B(v;, w;)
Prop: The product ® is bilinear:

Proof: ((c1v1 + cov2) @ w)(B) = B(civy + cove, w) = ¢1 B(vy, w) + caB(va, w)
and ...

Claim: VoW =<vw |veV,weW,
(c1v1 + cov2) @ w = ¢1(v1 @ W) + c2(v2 @ w),
v ® (crwy + cows) = c1(v @ wy) + c2(v @ wa) >

=<vw |veViweW, (v +v2) @w = v QW+ v2 @ W,
v® (w1 +w2) =v@w; + v ws,(cv) ®w =c(v W) =v (cw) >



Let vy, ..., vy, be a basis for V', wq, ..., w,, basis for W. If B is a bilinear form, then
B is uniquely determined by the nm values B(v;, w;).

Thus dim(V x W)l =nm =V @ W.
Hence a basis for V@ Wis {v, ®w; |i=1,...m,j=1,...,n}

Thus V@ W = {3c;jv; @w; | (v1 +v2) @w =11 @ w~+ va ® w,
v® (w1 Fw2) =v@w +vws,(cv) ®w =c(v®w) =v (cw)}

The universal mapping property: There exists ¢, V ® W such that ¢ : V x W —
V ® W is bilinear and given any bilinear map: B : V x W — U, there exists a
unique linear map 6 : V® W — U such that fo¢ = B. Moreover ¢ and V @ W are
unique in the sense that if X and v satisfy the universal mapping property, then
there exists an isomorphism f: V @ W — X such that fo¢ =1

Let B:V xW —U.

We will define 3: V @ W — (U*)* = U by defining o : U* — (V x W)? and letting
B = dual of a.

Take f: U - R e U*

Then fo B :V x W — R is bilinear: (f o B)(civ1 + cava,w) = f(c1B(vi,w) +
coB(va,w)) = c1(f o B)(v1,w) + c2(f o B)(v2,w)

Similarly (f o B)(v,ciwy 4 cows) = ¢1(f o B)(v,w1) 4 c2(f o B((v, ws)
Thus foB € (V x W)?

a:U* = (VW) alf)=foB

Let 8:V @ W — (U*)*, 3 = dual of a.

Recall that if « : U* — (V x W)? is a linear map between vector spaces,
the dual map is 5: VW — (U*)*, B(g9) =go a.

Recall (U*)* is naturally isomorphic to U via d : U — (U*)*, d(v) = h where
h:U* — R, h(f) = f(v).

Bd(v,w)) =Blv@w) = (vOw)oa
[(v@w)oa](f) =(vew)(feB)=f(B(vw))
Note d : U — (U*)*, d(B(v,w)) = h where h : U* — R, h(f) = f(B(v,w)).




M is a p-fold multi-linear form on V, if M : VP — R, and
M (v, ..y Vi1, CLU; + CQW4, Vig1 s ony Up) =
ClM(Ul,...,Ui_l,Ui,Ui+1,...,Up) +CQM(Ul,...,Ui_l,wi,vi_|_1,...,1}p)

Recall (V x W) ={B:V x W — R | B bilinear }
VoW =[(VxW)*={h:(VxW)*—R|h linear }

Let (V)i = {M : V" — R | M multilinear }
(@PV) = (VM) = {h: (V"){™} = R | h linear }

M is an alternating multilinear form on V' if M is multilinear and M (v1,...,v,) =0
if v; = v; for some ¢ # j.

The tensor algebra = T'(V) = &%, (®*V)

Co + C1v; + 2¢iv; @ vj + oo+ 2¢, i, Vi @ . @ Uy

(M ®..0V) (U1 ®...0Uy) =11 Q... 0 U, QU @ ... ® Uy

A subring I of a ring R is an ideal of Rif ar €  and ra € I for alla € I, r € R.
Let I(V) = ideal generated by {v®@v | v € V}

The exterior algebra of V' is the quotient A*V =T(V)/I(V)

Let 7 : T(V) — A*V be the quotient map.

The p-fold exterior power of V is APV = w(QPV)

The exterior product of « = w(a) € APV and g = w(b) € A7V is

alfB=mr(a®b)



