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PIECEWISE POLYNOMIAL COLLOCATION FOR BOUNDARY INTEGRAL
EQUATIONS*

KENDALL E. ATKINSON'! anp DAVID CHIEN?

Abstract. This paper considers the numerical solution of boundary integral equations of the second kind for
Laplace’s equation Au = 0 on connected regions D in R? with boundary S. The boundary S is allowed to be smooth
or piecewise smooth, and we let {Ax | 1 < K < N} be a triangulation of S. The numerical method is collocation
with approximations which are piecewise quadratic in the parametrization variables, leading to a numerical solution
un . Superconvergence results for uy are given for S a smooth surface and for a special type of refinement strategy
for the triangulation. We show that u — uy is O(8*log &) at the collocation node points, with & being the mesh
size for {Ak}. Error analyses are given are given for other quantities, and an important error analysis is given for
the approximation of S by piecewise quadratic interpolation on each triangular element, with § either smooth or
piecewise smooth. The convergence result we prove is only O (52) but the numerical experiments suggest the result is
0 (8*) for the error at the collocation points, especially when S is a smooth surface. The numerical integration of the
collocation integrals is discussed, and extended numerical examples are given for problems involving both smooth
and piecewise smooth surfaces.
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1. Introduction. In this paper, we consider the numerical solution of boundary integral
equations of the second kind for solving Laplace’s equation Au = 0 on connected regions D
in R®. The collocation method with piecewise polynomial approximations is the numerical
method being analyzed. Because of the practical need to use easily computable approxima-
tions of the surface, we analyze the effect of using interpolation to approximate the surface
of the region. We also discuss the effect of numerical integration of the collocation inte-
grals.

A major consideration in the error analysis of numerical methods for these boundary
integral equations is whether the boundary of D, call it S, is smooth or piecewise smooth.
If S is smooth, then the associated integral operator is compact and there is a wealth of
results available for the error analysis. But if S is only piecewise smooth, then the integral
operator is not compact, and moreover, the operator can be viewed as involving a Dirac delta
function in its definition. In this case, other methods of error analysis are required. The
most widely used techniques originated with Wendland [23], in which he adapted and greatly
extended a technique introduced in [20] for the theoretical analysis of such integral equations
for the planar Dirichlet problem for Laplace’s equation. We use Wendland’s ideas in our
analysis of the collocation method given below in §5. Other approaches for this case are under
development; for example, see Elschner [10] in which results of Graham and Chandler [12]
for the planar problem are generalized to Galerkin methods for polyhedral boundaries in R3,
and see Rathsfeld [17]. For a general survey of the use of boundary integral equations to solve
Laplace’s equation in three dimensions, see [5].

Two problems for Laplace’s equation and their associated boundary integral equations
are studied in this paper.

P1. The interior Dirichlet problem. Let D be a bounded, open, simply connected region
in R3 and let its boundary S be piecewise smooth, which is defined more precisely in §2. The
problem is to find u € C(D) N C?(D) such that
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Au(A) = 0, A e D,
u(P) = f(P), Pes.
We assume u can be represented as a double-layer potential:

1

The density function p is determined from the integral equation

(2) 27mp(P) +/p(Q)— [ ]dSQ + [27m - Q(P)]p(P) = f(P), Pes.

|P—-Q|

vg denotes the unit normal to S at Q (if it exists), pointing into D. The quantity Q (P) is the
inner solid angle of S at P € S and we assume

0 < Q(P) <4n.
Symbolically, we write the integral equation (2) as
Qr+Kp =1
Under suitable assumptions on S,
K:C(S) — C(S)

is a bounded linear operator.

P2. The exterior Neumann problem. Let D and S be as above and let D, = R3\L_), the
region exterior to D and S. The problem is to find u € C(D,) N C%(D,) such that

Au(A) =0, A €D,

ulP) _ Py, Pes,
al)p
3) u(P)=0( P[™), | Vu(P)|=0( P | as | P |- oo.

It can be shown that such a function u exists (under suitable assumptions on S and f ) and that
Green’s third identity can be applied to u:

1

@ amn) = [ 1@t gase- [w05-[ 52

]dsQ, AeD.

To find u on S, we solve the integral equation

1
2ru(P) + fu(Q)an [I—P-TQ——'] dSp + [2m — Q(P)Ju(P)

1
5 - f (@—L—ds,,  Pes.
S OTp—g %%
Then (4) gives u on D,. Symbolically, we write (5) as

Qr+Ku=S8f

with K as before and S the single-layer potential integral operator.
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The integral equations (2) and (5) are different only in their right-hand inhomogeneous
term. With (5), we can study the error in the numerical solution of the integral equation by
using problems for which we know the true solution of (3). With equation (2), we do not
know the true solution in general (except when f = 1), and thus the numerical solution must
be checked indirectly by evaluating (1) numerically and comparing it to a known solution u.
This turns out to also be of interest, because integral formulas like (1) are generally known to
converge faster than the density function that solves the integral equation. A further discussion
is given later.

In §2, we describe briefly the triangulation of the surface S. The collocation method
and the surface approximation are based on piecewise quadratic isoparametric interpolation;
this is described in §2, together with the numerical integration methods used in evaluating the
collocation integrals. The collocation method with S smooth is discussed in §3, and numerical
examples are given in §4. The corresponding results for the collocation method when S is
only piecewise smooth are given in §§5 and 6. Some of the methods of this paper follow those
of Atkinson [2], [3], but we also involve the new methods of analysis given in Chien [8] to
improve on the error results of the earlier papers.

Although our analysis is for only quadratic approximation, the method used will generalize
to other degrees of piecewise polynomial approximation. The difficulty of our argument has
led us to specialize to one case; in addition, it is one of the more important cases.

2. Preliminaries. We describe the triangulation scheme and associated interpolation and
quadrature. The method used was discussed in [2], [3], and we assume a familiarity with those
papers, including the notation used in them.

As discussed in [2], we assume the surface S can be written as

6) S=85USHU---USy,

where each S; is a closed, “smooth” surface in R*. The only possible intersection of a pair S;

and §; is to be along a common portion of the edges of these two sub-surfaces. Assume that
for each S;, there is a mapping

1-1 .
@) Fi:Rj—omo~ Sj»  1=ij=J,

where R; is a polygonal domain in the plane and F; € CS(R;). In this case, we say §
is piecewise smooth. By a smooth surface, we mean that for each point P € S, there is

a neighborhood on § of P, with the neighborhood having a local six-times continuously
differentiable parametrization in R

The surface S of (6) is divided into a triangular mesh
8) {AknI1<K <N}

for a sequence N = Ny, N, .... Each §; is to be broken apart into a set of nonoverlapping
triangular shaped elements Ag n;’s, about which we say more below. In referring to the
element A v, the reference to N will be omitted, but understood implicitly. Define the mesh
size of (8) by

Sy = llsnKa;(N diam(Ag),
) diam(Ag) = max |p—q|.
pP.q9€Ak

Let o denote the unit simplex in the s¢-plane

o={(@,1)]|0<s,t,s+t<1}.
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A
P,
P, Ps
P Ps O3
FiG. 1. The unit simplex.
Let py, ..., ps denote the three vertices and three midpoints of the sides of o, numbered

according to Fig. 1.

One way of obtaining the triangulation (8) and the mappings from o to each Ak is by
means of the parametric representation (7) for the region S; of (6). Triangulations of R; map
onto triangulations of ;. Since the R;’s are polygonal domains and can be written as a union
of triangles, without loss of generality, we assume in this paper that the R;’s are triangles.
A paraboloid with a top is a good example of an S that satisfies our assumptions; a circular
cone is an example of an S for which some of above assumptions are not valid, because of the
discontinuity of the gradient at the vertex.

Let Ak be an element in the triangulation of R;, and let 1, V2, and V3 be its vertices.
Define

(10) mg (s, t) = Fj(uv, + 10, + sv3), u=1-s—t, (s,t)e€o

and let Ag be the image of Ax under this mapping. Also, if any two elements in this
triangulation have a side in common, then their intersection will be an entire side of both
triangles. Most surfaces S of interest can be decomposed as in (6), with each S; representable
as in (7). Also, the surface S could be smooth, and we would often still want to decompose it
as in (6).

The mapping (10) is used in defining interpolation and numerical integration on Ag.
Introduce the node points for Ag by

vik =mg(p;), j=1,...,6
Collectively, the node points of the triangulation {A g} will be denoted by
{vi|l<i<N,}

with N, being the number of distinct node points.
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FIG. 2. Refinement.

)

_—

v, v,

FI1G. 3. A symmetric pair of triangles.

The sequence of triangulations (8) will usually be obtained by successive refinements.
The refinement process is based on connecting the midpoints of the sides of a given element
Ak. Given {1y, ..., Ug}, connect Uy, Us, Ug by straight lines, as in Fig. 2, producing four new
triangular elements. The new elements all are congruent and they are similar to Ax. More
importantly, any symmetric pair of triangles, as shown in Fig. 3, has the following property:

an M-V =—0—-") and U —V3=—(; —s).

The assumptions on S and the node points that we made in this section are for the use
of quadratic interpolation. There are other degrees of interpolation that can be used, and the
assumptions on the smoothness of S and the definition of the nodes will change appropriately.
But the general process of refinement will still remain the same and we still subdivide Ag’s
in the same way as for the quadratic interpolation.
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To define interpolation, introduce the six basis functions for quadratic interpolation on .
Letting u = 1 — (s + t), define
L, )=uRu—1), L, t)=tQRt-1), ks, t)=s2s—-1),
la(s, 1) = 4tu, Is(s, t) = 4st, lg(s, 1) = 4su.

Define a corresponding set of basis functions {/; x(q)} on Ag:
lj'K(mK(S,t))=lj(S,t), 1<j<6, 1<K<N.

Given a function f € C(S), define

6
(12) Pnf@ =) f;0lk(@), g€ Ax,
Jj=1

for K =1, ..., N. This is called the piecewise quadratic isoparametric function interpolat-
ing f on the nodes of the mesh Ay for S.

It is straightforward that Py is a bounded projection operator and ||Py|| = 5/3. Also,
forany f € C3(S),

13) If = Pn flloo = OB,

where EN is the mesh size of the triangulation {K k.n} of R;’s. See [2].

Other kinds of interpolation can be used, such as piecewise cubic isoparametric inter-
polation. In this case, we need ten node points, py, ..., p1o, and ten basis functions for the
interpolation on o. The error analysis is the same, although somewhat more complicated.

We also use the same quadratic interpolation scheme to construct an apggoxxmate surface
S for S. The approximate surface Sis composed of elements A, ..., Ak, with Ag an
interpolant of Ag. Write

xk(s, 1)
(14) mi(s,t) = | x%(s,t) |, (s,1) € 0.
x?((s,t)

The reference to K will be omitted, but understood implicitly. Define

Yoo xk (ol (s, 1)

(15) Fig (s, 1) = me(p,)l 0= T 5kl |, €0
= Y1 Xk (PG, 1)
Thus, m g (s, t) interpolates mg (s, t) at {01, .. ., ps}, and each component is quadratic in (s, t).

We introduce two major numerical integration schemes that we have used. The first
numerical integration method is the 3-point rule

6

Z (05) -

j=4

(16) /h(s, tydo =

QN -

This method has degree of precision two, integrating exactly all quadratic polynomials.

Chien [8/1 shows that the associated composite rule over S is 0(8 ) where 8N is the mesh
size of {Ak}.
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The 3-point rule is mainly for computing integrals if the integrands are continuous. In
order to get the above results, the integrands are required to be four times continuously dif-
ferentiable. If the integrands are continuous or smooth on the Ak, but there is a nearby
singularity, we need to use a better numerical integration method. The second method is the
rule T2:5-1 from Stroud [22, p. 314]:

7
(17) fh(s, Ndo ~ Y wih(r).
o j=1

Jj=

The weights w; and nodes r; are given in the above reference. This formula has degree of
precision five.

3. Collocation on smooth boundaries. Our collocation method for solving an integral
equation (A 4+ K)p = g can be written as

(18) (A +PyK)oy = Pyg,  A=2m.

The function g can be the function f of (2) or Sf of (5). We discuss results for this ap-
proximation and later in the section give error results for the effect of using an interpolatory
approximation of the smooth surface S.

An important auxiliary solution for the collocation method is the iterated collocation
solution

R 1
pn = 7(8 = Kpn).
It satisfies the equations

(19) A+ KPy)on = g,
(20) PnpAN = pN-

The questions of stability for (18) and (19) are linked by the identities

1
A+KPy) ! = X[I — KO + PyK)"'Pyl,
(21) A +PyK) ! = %[1 —Py(A + KPy)IK].

The solvability of (18) is determined from the standard theory for projection methods,
for example, see Atkinson [1, pp. 50-62]. With the assumption of (a) compactness for /C :
C(S) — C(S), and (b) pointwise convergence on C(S) of the projections Py to I, we have
that

(I —PwK|— 0 as n— oc.

From this, we have the standard result that if (A + X)~! exists on C(S), then (A + PyK)~!
exists and is uniformly bounded for all sufficiently large N, say N > Ny. The existence of
uniform boundedness of (A + KPy)~! then follows from (21).

For the error in py and gy, use

p—pn = A +PyK) (o — Prnp),
p—pn =—+KPx)'K(p —Pnp).
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The quantity X(p — Pnp) often converges to zero more rapidly than p — Py p does. Using
(20), we conclude that py is superconvergent to p at the collocation node points. We make
use of this in the following theorem.

THEOREM 3.1. Consider the integral equation (2) and (S) with solution p. Let S be a
smooth surface in R>and assume the unknown function p € C*(S). Then
@2) max | p(u) = pn(v) | = O (8 logdw).
where ’B\N is the mesh size of the triangulation {Z k,N} of the R;’s.

Proof. (a) The major part of the proof is concerned with measuring (I — Py)p(P) for
all P = v;, a node point. Later in the proof, we use this to prove (22). Note we use the exact

surface S in this theorem. Since the solid angle Q(P) = 2x for every P on a smooth surface,
the integral equation (2) can be simplified as

0 1
27tp(P)+fgp(Q)5;; [Ti;—_Q—T] dSg = f(P), PesS.

Using the triangulation scheme in §2, the compact operator X can be written as

(23) Kp(P) = ;fap(mx(& t))a—a~[ :

> m] I Dsmg x Dth | do.
Q 9

For O = mk(s, 1),

Dismyg x Dimg

v(s, ) =v, == s
0= | Dymg x Dym |

with the sign chosen so that v, points into the bounded domain D.
Without loss of generality, we assume the sign of v, is always positive, and (23) becomes

_ (Dsmg X Dymg) - (P —mk(s, 1))
4) Kp(P) = XK:/Up(mK(s, 1) P —mrG P dsdt.

In order to measure the error X.(I — Py)p(P) for P a node point, we need to examine the
local error contributed by each Ag.

For each Ak, the integrand of the equation (24) has one singularity at P when P € Ak,
and it is smooth over Ag with P € Ay, although it is increasingly peaked as P and Ag
become closer together. We first compute the error for those A ¢’s which contain P.

For simplifying notation, we assume P = (0, 0, 0) and m (0, 0) = (0, 0, 0). The error
in integrating over A g equals

@) [ (lmes. ) = Pupnits, iy PO ZEE D gy,
o | mg(s, ) |

This inte_gral exists even though | mg (0, 0) |= 0. To see this, use the Taylor error formula
for the x} about (s, ) = (0, 0). Then (25) equals

h(s,t; 37)
(26) ‘/;——xs—g(syt; 5 )da

’

where h and g are polynomials in s and ¢, and their coefficients are of size 0(37) and 0(33),
respectively. Also, 4 and g are polynomials of degrees two and three, respectively, which shows
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the existence of integral (26), which is 0(34). (When speaking of an order of convergence,
say one based on J, the order of convergence is uniform with respect to any absent variable or
index.)

When P ¢ Ak, P — mg never equals zero for (s, t) € o. The kernel function, « (s, t),

(Dsmg X Dymg) - (P —mk(s, 1)

k(s, t) = | P—mxk(s, 1) 3

is smooth. Compute the partial derivative k; before expanding « (s, ¢) about (0, 0).

[Ds(Dsmg x Dimg)] - (P —mg) — (Dsmg x Dimg) - Dsmg

0= [P —mx P
_ 3[(DsmK x Dimg) - (P —mg)} [Dsmg - (P — mg)]
| P—mg |’
_ [Ds(Dsmg x Dymg)] - (P — mg)
- | P—mg |3
_ 3[(DsmK x Dimg) - (P —mg)][Dsmg - (P ~— mg)]
| P—mg |3 )

The term (Dsmg x Dimg) - Dsmg was dropped because (Dsmg x Dimg) L Dymg. Also
| (Dsmg x Dimg) - (P —mg) | =| Dgmg x Dimg | - | P —mg | - | cosf | .

6 is the angle between the vectors D;mg x D;mg and P —mg, and 6 is a function of s and 7:

27) |cosO | <| P—mg(s,t) |- constant V(s,t).

See [16, p. 349]. Therefore, «; is O(EB/d%() where dgy =| P — mg(0, 0) |. Using a similar

calculation, we find that «; is also 0(’<§3 /df(). We now expand « (s, t) about (0, 0) and have
the following formula:

(28) k(s, 1) =k (0, 0) + 0(8°/d2).

The error of p(mg) — Pnvp(mg) is
(29) p(mg) — Pyp(mg) = Hg(s, t) + 06",
where

1 9 3\, S8\

Hg(s, t) = 37 Ii(sx +t5> x'(0,0) — ; (sja +t,-§) x'(0,0)(s, 1) |.
Note that k (0, 0) and H (s, ) are O (8%/d2) and O (8%), respectively.

Combining (28) and (29), we have

3
/K(S. ) (p(mg) — Pyp(mg)) do = / (K(O, 0)+0 (-32—)) Hg (s, t)do

K

55 56
o))

for every A which does not contain P.
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We now add all errors contributed by each Ag. Let T’ be the set of Ag’s which contain
P, and let T be the set of the remaining A g’s, which do not contain P. Then,

Ko — P.p)(P) = ./sK(P' 0) (0(Q) —Pnp(Q)) dSg

> ffc(s. D(p(mg) —Pyp(mg)) do

Agel’

+ ¥ [ k6, 0p0me) = Pup(ne)) do

AgeT

(30) =0+ L [ ks 0otme) = Prpni)) do.

AgeT

0(34) is contributed by Ag’s which are in 7’, and T’ has at most six elements.
The error contributed by each Ag in T is 0(’8\5 /d%(). Examining the error carefully, we

find that cancellation happens on each symmetric pair of triangles. Thus, for the dominant
terms in the error,

k(0, 0)H;(s, t) +«(0, O)H;(s, t) =0

if A; and A; are a symmetric pair of triangles. This improves the error from o /d%) to
O(:S\6 /d%) for each Ak that is part of a symmetric pair of triangles. Let T} be the set of these
kinds of triangles. Let T; be the set of triangles that are not in 7.

The error contributed by triangles in 7 arises from the term

| k(0. 0) - Hy(s. 1) |
‘(DsmK(O, 0) x Dimg(0, 0) - (P — mg(0, 0))

= | P —mg 0. 0) P l | Hx(s. 1)
_ | LRk, 0) x Dm @, O) | -1 (P —mg(0, 0) |05 b
- | P —mg(0. 0) |° K
| (Dymg (0, 0) x Dymg (0, 0) | _ A (F
< [P —mx(0,0)] A, 0 1= O(dx)‘

See (27). Thus, the error analysis has been improved from 0(55 /df() to 0(55 /dg), which is
contributed by each triangle in 7;.
Let

d(P) =d =min{dgy | P¢Ax, K=1,...,N}.

For simplicity, we take dy = d, 2d, ..., depending on how far the Ak is from the point P.
(A somewhat more complicated argument can be based on a lower bound of a similar type
for dg.) Letr = ’B\/d, which is finite for our uniform mesh subdivision scheme, and d =
O(én). Note the indexing Ay, ..., Ay does not indicate distance from P. But there is an
arrangement of {A g} where the number of triangles at a distance R is proportional to R, with
R=d,2d,3d,....

The number c; of triangles in T; at a distance i - d is proportional to i fori =1, ...,¢;.
Note that for some integer #;, t; - d is the longest possible distance from P to triangles in R;.
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Adding the error contributed by each triangle in 77, we have

Zo(g)—i- 0( L )—0(23‘4)?‘_“’-i = 0(*1og?)
—“\az) = &% " \war)” 2, = 00 oed

i=1

The error contributed by each of the triangles in T is O (3} /dk). The number of triangles

of this type at a distance i - d is a finite number, usually two or three; the proof is omitted.
Therefore,

‘8\;( tj 34 ~ t 1 ~ _
2 ) = . ol — = s 1 ’
ZK:O(dK) ;c, (i.d) o( )i§=lﬁri 0@ 10g?)

where c} is either two or three. This completes the proof that
(31) KU = Py)p(P) = 0@*log?)

uniformly for P a node point in the triangulation {A g x} of S. (This form of proof is also
used in some of the remaining proofs of this paper.)

(b) To show (22), we first note that the error equation for the iterated collocation solution
O is given by

32) 2 +KPn)(p — py) = =K —Py)p.
The linear system associated with this is

(33) 27 + Kn)ey = —en,

with

eni =p) —pn@) = pi) — px(vy),
GN,i=’C(I—PN)P(vi), i=1v--'an'

The matrix of coefficients 2 + K is also the same as that for the linear system associated
with the collocation equation (18).

As noted earlier following (21), (2t + KPy)~! is uniformly bounded for all sufficiently

large N. Also, since the iterated collocation equation can be considered a Nystrom method,
it is a standard derivation that

Iz + Kn)7' < I@r +KPy)7,
where the matrix norm is the standard row norm. Combining these results,
G4 l@r+ Kl < ¢ <00, N=Np

for some sufficiently large Ny and some ¢ > 0.

Using this result with (33), and using (31) to bound |ley ||, We have the desired re-
sult (22). 0

3.1. The single-layer integral. For the exterior problem, we need to evaluate the corre-
sponding single-layer integrals on the right-hand side of (5). Write

(@ N f@ik(s, 1)
—=dSy ~
siP—Q| 2 2

(35) s
K=1 .,IP—mK(s,t)l
where P is one of node points. Note we are including the use of the approximating surface.

l DSﬁK(S’ t) X Dt;;iK(s’ t) I dO',
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We can see that the integrand in (35) varies from singular to quite smooth. To handle this
varied behavior, we use two ways to study errors. The first case is for those A g’s that contain
the point P, and the second case is for the remaining Ag’s.

LEMMA 3.2. Let P be a node point in Ak for some K. Then

f(mk (s, 1)

—————"" | Damg(s,t) X Dimg(s,t) | do
aIP_mK(Sat)ll smi (s, t) mi (s, 1) |

mg(s,t ~ ~
- [ PO | ik, x Diix(s.1) | do = OB,

where 78\1( is the diameter of A K-

Proof. There are two cases. The first case is that P is a vertex in some A g, and the second
case is that P is a midpoint of a side of Ag.

Begin with the first case and, without loss of generality, assume that

P = mg(0,0) = mg(0,0) = (pi1, p2, p3)-

Before proving the theorem, we show that

1 P
/alP-'mK(S»t)Ida = 00

Compute

1
B 7 [of
/;|P“mK(S,t)|
1

= do
o [(p1 = x1(s, D)2 + (py — x2(s, )2 + (p3 — x*(s, 1)2]/*

= / [(sx} (0,0) +1x} (0, 0))> + (sx2(0, 0) + 1x7(0, 0))?

-1/2
+(sx3(0,0) +1x2(0,0)* + 0(37()] do.

) See (14) for x’s. After integrating the dominant part of the above equation using polar
coordinates in the st-plane about (0, 0), we obtain

1 a1
/a P —mre.n ]2 = 00k

Now, we break the error analysis into three parts.
fmg(s, 1))
o | P_mK(s»t) I

_ / fu(Gig(s. 1)

| P—mg(s,1) |
= E| + E; + Ej,

| Dymg(s,t) x Dimg(s,t) | do

| Dsmk(s,t) X Dimg(s, 1) | do
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with
36y B = [ LS =Nk D) % Dimgs.1) | do,
. | P—mg(s,t) |
Sn(mg(s, 1))
E, i l—m (| Dsmg(s,t) X Dimk(s,t) |
37 — | Dsmk (s, t) x Dimg(s,t) |) do,
o f [ 1 ~ 1 ]
T L UP=mk 0| [P —fig(s. ) |
(38) - | Dgmg (s, 1) x Dimg (s, t) | fy(mk(s, 1)) do.
In equation (36),
#yv.oy. [—— 1L 25\ A=l
| B4 1< 06 08 - [ p—mndo < 0@ 05y = 0Bk,

We can easily see that equation (37) has order three:
|Ex| < n}gX' | Dsmg (s, 1) x Dymg(s,t) | — | Dsmig(s,t) x Dying (s, t) |
s,teo

fN(;ﬁK(s’t)) 4 a1 3
TP —meGD] do = 0(8%) - 0@g) = O0(8y).

For Es, expand each x' about (0, 0), and then integrate it over o. With a very lengthy
calculation, we can show that Ej3 is of order three. See [8].

If P is a midpoint of a side of A g, we split o into two triangles, o) and o5, and we put the
singular point at a vertex in each of the new triangles; see Fig. 4 for the case with P = m g (04).
We apply an affine change of variables to move again to an integral over o. Applying the first
case to these two subtriangles, we again can show the error is of order three. Thus, the error
contributed by the integral over A g, which contains P, is always of order three, whether P is
a vertex or a midpoint of a side of Ag. 0

In the next lemma, we examine the errors from integrating over those triangles A ¢ which
do not contain P. Then we can combine these two lemmas and give the global error for the
single layer integration.

LEMMA 3.3. Let P be a node point, and consider all Ag for which P ¢ Ag. Then

Z/ l _flmg(s, 1) | Dsmg (s, t) x Dymg(s, 1) | do

P —mg(s,t) |
(39) - [ ﬁ”('",:;‘zs’gl | Dafiix(s.1) x Dyfiix(s.1) | do = OGY),

where 31( is the diameter of Ag.

Proof. Since P ¢ Ak, we can treat the function 1/ | P —mg (s, t) | as a smooth function.
All results from Lemma 3.2 and Theorems 3.3-3.7 of [8] can be applied with slight changes.
Let (39) be decomposed as E; + - - - + ES where
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A
U2
P o
a1
vl v3 g

FIG. 4. Splitting triangles.

E, = Z f(mg(s,0))[| Dsmg x Dymg | — | Dsiig x Dym |] do
| P —mg(s,t) |

L}

K o
_ [f(mk(s, 1)) — fn(mg(s,1))] | Dsiig x Dy |
EZ“;/G P —mr(s,0) | do

[}

_Z/ [flmg(s, 1)) — fn(mg(s, 1)} | Dsmg x Dymg | do
% Jo | P—mg(s,t) |

’

_ Lf(mk(s, 1)) — fn(mg(s, )] | Dsmg X Dymg |
E3‘;/¢ [P —mg(s,1) | do

_ Inimk(s, 1)) fn(mg(s, 1)) ~ ~
B = Zx:j; [l P—mg(s,t)| | P—mg(s,t) |] | Dsmy x Dimy | ds dt

_Zf[ Sn(mi (s, 1) fu(mg (s, 1)
K o

_ L D Dymy | dsdt,
| P —mx(s,1) | |P—mx(s,t)|]' s x Dimy | ds

— fulmg(s, 1) fu(mk(s, 1)
Es = ZK:./a [I P —mg(s.t)| | P—mg(s.t) !] | Dymg x Dimg | do.

The integrand of E; is O(8%/d2) + O(8%/d2). Using the calculation we had in
Theorem 3.1, we get that E) is of order three.
For E»,

flmk (s, 1)) — fn(mg(s, 1))
o | P “mK(S,t) I

{| Dymg x Dymg | — | Dsmg x Dk |} do

_ .ooch. [ Y 4~ ogh. L
-—;0(8) 0@ _/,,IP—mK(s,t)IdU = 0@ i
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for every K where P ¢ Ag. Adding errors from each triangle, we have that E is 0(35), as
we discussed in computing E;.
For E3, we have that the error from

flmg(s, 1)) — fn(mg(s, 1))
o | P —mg(s,t) |

| Dsmg X Dimg | do

is 0(78\6 /dx) for every triangle. Again, following the argument in Theorem 3.1, Ej is 0(5“).
Analyzing E4, we have

1 1 ;3
| P—mk(s,0)| | P—rig(s,1) | 2
and
f ! ! fn(mg(s,t)) | Dimg x Dymg | d
- , s o
o LIP—mg(s,)| 1P—mgGs,0l["VF K=K

1 1 ~ ~
—/; [I PomrG. D] 1P —rrG.D '] Snimg (s, 1)) | Dymg x Dimg |)ds dt

8
- o)
K
for each Ag. After adding up errors, E4 = O (8 ln’a\)

For Es, each triangle give us an error of 0(6 %/d%). When adding errors together can-
cellation happens at every symmetric pair of trlangles and errors become 0(6 %/ d; x). Thus,
as we discussed in computing E;, Es is 0(8 ). After going through E;-Es, the global error
for the single-layer integral, in which P — mg (s, t) is nonzero for every K, is 0(8 ). This
result is uniform as P ranges over the node points of the triangulation. 0

Combining the above lemma, we get the following result, which gives the total error for
evaluating the single-layer integral at any node point. We use this later to assess the effect on
pn of using an approximation to the single layer.

THEOREM 3.4. Let S be a piecewise smooth surface and let P be a node point on S.
Assume the unknown function f € C*(S;)NC(S),i =1,...,J. Then

£(Q) _ fGks D) - =
/slP QIdS Z/ G | Dk (s, t) x Diiig(s, t) | do = O@) .

Proof. Combine Lemmas 3.2 and 3.3. o

3.2. Using the approximate surface. When using the approximate surface Sy, the linear
system for (2) for the Dirichlet problem becomes

2rpy (vi) + 27 — Q)1 Pon (V)

N 6
+ZZ’5N(”J‘.K)/11'.K(S’ t)(D stk (s, 1) X Dimig (s, 1)) - (v — mg(s, t))
—1j=1 o

| vi —mg(s,t)

@n = fo, i=1,....Ny.

For a smooth surface S, we would expect to use Qu(P) = Q(P) = 2x, thus simplifying
the above system. However, for the piecewise smooth surfaces considered in §5, we need to
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consider an approximation to 2 (P), and from the numerical examples in §4, it is also useful
to consider approximations of 2 (P) for S a smooth surface.
Using the identity

0 1
42 Q(P) = — | — 1 dSo, PesS,
“2) ) /san[IP—QI] 0 €

we define

N 6 ~ - ~
@ ) = 1Y [t 2IEX 2RO B0 g,
K o

=1 Jj=1 I P —’%K(SQ t) |3
Later, in Theorem 5.2 of §5, we show that

(44) max | Q(v;) — Qv(v) | = 0.

1<i<N,

Empirically for a smooth surface S, as shown in §4, it appears the approximation error is
actually 0(’5},), although we have not been able to prove this.
The linear system (41) is denoted here by

45) @n +Kn)bv = gn.
with
oy = pvi). gni = fv), i=1,...,N,.

When solving the integral equation (5) for the exterior Neumann problem, we also approximate

the right-hand side, now a single-layer integral, using (35). In the above framework, and
consistent with earlier notation, we write

N 6 ~ ~ -
46) Bvi = ZZ flmk(s, 1)) | Dymg x Dimg |

K=1j=1 Y0 l Vi ""71[((3, t) |

fori =1,..., N,.
For convergence when using the approximate surface Sy, we have the following theorem.

In §4, we give experimental results which suggest that the convergence results given below
can be improved.

THEOREM 3.5. Consider the integral equations (2) and (5) with solution p. Let S be a
smooth surface in R3and assume the unknown function p € C*(S). Then

@7 max | ) = Pv(w) | = O@}).

Proof. We use a perturbation analysis, based on regarding the system (45) as a perturbation
of the corresponding system

(48) @nl+ Kn)pon = gn,

for the projection method analyzed in Theorem 3.1 which used the exact surface S. As shown
earlier in (34), (27 + Ky)~! is uniformly bounded for all sufficiently large N.
The present analysis uses the result

(49) IKy — Knll = 0(2)
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with the matrix row norm. The proof of this is essentially the same as that for (44), and thus
we defer the proof of (60) to Theorem 5.2. Using (49) and the invertibility of 27w + Ky with
the uniform boundness of 27 + Ky)~!, for all sufﬁcjgntly large N, we have by standard
arguments that the same is true for the inverse of 2w + Ky:

(50) Qe + K7 < ¢ <00, N=N

for some Ny and some ¢ > 0.
By straightforward manipulation of (45) and (48), we have

(&2)) ov—Pn = Q@ +Ky)! [I?N ~ Kn]gn + Qm+Ky) 7 [gn — En).

The ﬁrst term on the right-hand side is 0(8 v), from (49). The second term is either zero
or O(BN) from Theorem 3.4. When considered with Theorem 3.1, this shows the re-
sult (47). 0

4. Numerical examples: Smooth surface case. The collocation method of §3, with the
use of the quadratic isoparametric interpolation of the surface S, was implemented with a
package of programs which work for a wide variety of smooth and piecewise smooth surfaces.
This package was first described in [2], [3]; it has since been updated and improved in several
ways. (Eventually the package will be made available publicly, with an accompanying user’s
manual.)

There are two crucial aspects of the practical implementation that were not discussed in
§3: the calculation of the collocation integrals and the solution of the large linear systems that
often arise from the discretization. The iterative solution of such linear systems by two-grid
methods is discussed in [6], [7]; thus we restrict our attention here to the numerical integration
of the collocation integrals.

After much experimentation with other approaches, we have currently settled on the
following scheme for the numerical integration. We find that the numerical integration of the
collocation integrals is by far the most time-consuming part in solving the boundary integral
equation. One must have integrals that are sufficiently accurate to match the accuracy of the
“pure” collocation solution py. But it is very wasteful of computing time to calculate these
integrals with more accuracy than is needed.

The collocation integrals in the matrix of coefficients of (41) are given by

(52) / i (ui, A (s, D) (5, 1) | Dy x Dyfig | do.

Inthis,i =1,...,N,,j=1,...,6,and K =1, ..., N; k (P, Q) denotes the kernel function
for the double layer integral operator. For the exterior Neumann problem, we also need to
evaluate the corresponding single-layer integrals

f(”;‘lK(s’ t))

53 ——
53) o lvi—mg(s, 1) |

I Dxl’?l]( X D,I?’l]( | do.

Recall from §2 that my : 0 —> A is a one-to-one and onto parametrization of the triangle
approximating Ag. We consider two cases in evaluating (52), depending on whether v; is
inside or outside of Ag.

If v; € Ak, then «(v;, Q) is singular. We use a change of variable based on [9]. This
was introduced in [3, p. 40], where we noted that it removed all singular behavior in both the
double-layer integrals (52) and the corresponding single-layer integrals. Subsequently, we
discovered that the change of variables is equivalent to that introduced in [11]. Others who
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have since made use of this transformation include [13] and [21]. The latter paper carries
out a detailed analysis of the method and an extension of the transformation to other singular
integration problems arising in solving boundary integral equations.

Assuming the collocation node v; = mg (0, 0), introduce the change of variables

s=(1-y)x, t=yx, O0<x,y<l

With this, the new integrands in (52) and (53) will be well behaved. For A g a surface with C™
differentiability, m > 3, the transformed integrand for (52) will be C"~2 times differentiable;
if the density f(Q) is m-times differentiable on A g, the transformed integrand for (53) will be
C™~! times differentiable. We then evaluate the transformed integral using a product Gaussian
quadrature formula, with Ng nodes in both the x and y coordinates (thus using Ng integration
nodes). If v; = mg (0, 1) ormg (1, 0), then we use an affine transformation to convert back to
the case just discussed. If v; = mg(g;) with j = 4, 5, or 6, then we divide o into two parts and
treat the integral over each part as described above. As an example, suppose v; = mg(0, .5).
See Fig. 4 for the appropriate subdivision of o, for which we use an affine transformation to
map each subtriangle onto ¢ in such a way that the singular point occurs at (0,0).

The above change of variables is used to remove the singularity in the integration over
each triangle. For cases of N = 512 faces, we have found N, = 10 to be very sufficient
to preserve the accuracy of the collocation solution; smaller values of N, are sufficient for
smaller values of N. Note that the number of integrals (52) with v; € Ak, forsome i and K, is
of order N,, whereas the total number of integrals to be computed is of order N2. Thus when
considering operation counts, the singular integrals are the less important of the integrals (52)
to be considered.

For v; ¢ Ak, the integrand in (52) is analytic, but it is increasingly peaked as the distance
between v; and A decreases. A method to evaluate integrals such as (52) and (53) over o is
based on (17), the quadrature rule T2:5-1 of [22]. Let an integer parameter Ny > 0 be given.
If Vi ¢ Ak and

diSt(vi, AK) =< 8N ’

where 8y is the mesh size of { Ak } as defined in (9), then integrate (52) using (17) with N,
levels of subdivision of o (thus dividing o into 4V¢ subtriangles, with (17) applied to the
integral over each of the corresponding subintegrals). If v; ¢ A and

Sy < dist(v;, Ag) < 28N,
then integrate (52) using (17) with max{N, — 1, 0} levels of subdivision of o. If v; ¢ Ak and
28y < dist(v;, Ag) < 38N,

then integrate (52) using (17) with max{Ny — 2, 0} levels of subdivision of o. Continue with
this in the obvious way.

We have found that as N is increased to 4N, then raising Ny to Ny + 1 is sufficient to
integrate (52) and (53) with the needed accuracy. For all of our examples, for both smooth and
piecewise smooth surfaces, the largest value of N, that we have needed to use has been Ny = 2.
We have used larger values of N, in our experiments to check the accuracy when using the
lower values of N;. When v; ¢ Ag, other methods have been tried for evaluating (52) and
(53); for example, a method with automatic error control was described in [3] and [4]. But
the method described here has proven to be the most efficient. Nonetheless, the integrations
of (52) and (53) are still the most expensive parts of our computation, far exceeding the cost
of solving the linear system (23) for the discretized boundary integral equation.
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solid curve: ¢ =0, dashcurve: ¢ = /4, dotcurve: ¢ = /2

FiG. 5. Cross-sections of “squash” surface.
q

4.1. The surfaces. Two smooth surfaces were used in our experiments. Surface #1
(denoted by S#1) was the ellipsoid

x\2 y 2 z 2
G)+(G) +() =t
In Tables 1-4 given below for this ellipsoid, (a, b, ¢) = (2, 2.5, 3).

The ellipsoid is convex and symmetric. For that reason, we also devised and used a surface
which is not symmetric and which is slightly nonconvex. Surface #2 (S#2) is defined by

(x,y,2) = p(&, n, {)(AE, Bn, CY), E24+nt+¢t=1,
with
pE D =1-[¢—.D*+2(n - 1% =3¢ —.1))/a

and A, B, C > 0, «¢ > 5. The case we use here is ¢ = 10 and (A, B, C) = (2,2, 1). Figure 5
gives the cross-sections of S#2 when intersecting S with vertical planes containing the z-axis,
intersecting at angles of ¢ = 0, 7/4, 7/2 with respect to the positive x-axis. Experiments
were done with other choices of o and (A, B, C), corresponding to surfaces with a more
pronounced lack of symmetry and convexity. But in order to obtain error results with some
regularity in asymptotic behavior, we chose the parameters given above, giving the surface
illustrated in Fig. 5.

4.2. The solid angle. At all points P € S, the solid angle Q2(P) = 2x. In Table 1, we
give the approximate values of the solid angle for S#1 as computed using Qy(P) in (43).
The points P at which these are given are

v1 =(0,0,3), v, =(2,0,0), v3 = (0,25,0),
v; = (V2,v/45,0), vz =(+/2,4/3.125,0), vy = (0,+/3.125,/4.5).

The subscripts refer to the indexing of node points used in our triangulation package. The
empirical rate of convergence is approximately O (32,). The integration parameters used were
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TABLE 1
Solid angle approximations on S#1 at selected v;.

El E2 E3 E1JE2 E2/E3 E3/E4
1.52E—1 20IE-2 254E-3  6.58 7.58 7.89
826E—2 1.09B—2 138E-3  6.64 7.58 7.89
1.I7E-1 155E—2 196E-3  6.62 7.58 7.89
173E—1 235E—2 3.01E-3 8.3 7.34 7.82
147E—1 2.00E—-2 256E-3  7.55 7.36 7.82
234E—-1 3.19B—2 4.09E-3 829 7.32 7.81

O 00 N W N =~

TABLE 2
Maximum errors on ellipsoid.

lluy —uinlloo  Ratio  |lu2 —uznllo  Ratio

8 1.93E—-2 1.92E-2
32 1.44E-3 134 2.85E-3 6.7
128 9.68E—5 14.9 2.54E—4 11.2
512 6.09E—6 15.9 1.63E—5 15.6
TABLE 3

Maximum errors on surface S#2.

llus —uinllo  Ratio  |lus —uanllc  Ratio

8 7.26E—2 5.49E-2
32 5.40E-3 134 4.85E-3 11.3
128 8.70E—4 6.2 1.35E-3 3.6
512 1.11E—-4 7.9 1.98E—4 6.8

Ng = 10 and Ny = 2. The columns E1, E2, E3, and E4 denote the errors for N = 8, 32,
128, 512, respectively. (Note that for a given N, the number of nodes on Sis N, = 2(N +1).)
Similar results for the approximate solid angle are true for S#2.

4.3. Solution of the exterior Neumann problem. The problem (3) was solved with the
normal derivative f so chosen that the true solution is known. The two cases used here are

1
u (P) = o ur(P) = e I cos(z/rz),

with P = (x, y, z) and r =| P |. In this case, p = u; and we use 1 and uy in our discussion.
Tables 2 and 3 contain the maximum error at the node points for solving boundary integral
equation (5) for S#1 and S#2, respectively. The integration parameter N, = 10; for Ny, we
used 0, 1, 2, 2 for the cases N = 8, 32, 128, and 512, respectively, for both S#1 and S#2.

The results in Table 2 for S#1 are consistent with an asymptotic rate for the error of O G ~)
or 0(64 log 3 ~), in agreement with the theoretical result in Theorem 3.1 for the collocation
method with the exact surface. In the case of S#2 in Table 3, the asymptotic pattern for the
maximum error appears to be O (6 %); to check in more detail whether the error is truly O (5 ~)
refer to Table 4, which gives the errors at a representative sampling of the 18 nodes used in the
coarsest triangulation of S (for N = 8), along with the ratios by which these errors decrease.
The columns E1, E2, E3, and E4 denote the errors for the parameter N = 8, 32, 128, and
512, respectively. When looking at the individual errors, there is a pattern of an 0(84 ) rate
of convergence at a large number of the points; we conjecture that with larger values of N, an
asymptotic error of 0(8 ) would emerge for the maximum error.

Since these are smooth surfaces, why not use the true value of Q(v;) = 2, rather than
incorporating the approximation (43) into the discretization of (5)? Table 5 gives the values
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TABLE 4
Errors at representative v; on S#2 for u = u;.

N E2 E3 E4 E1/E2 E2/E3 E3/E4
1 —-526E-3 —477E-4 -3.14E-5 8.4 11.0 15.2
2 —425E-3 -2.81E-4 —1.78E-5 11.3 15.1 15.8
5 —-541E-3 -328E—4 —2.24E-5 13.4 16.5 14.6
7 —3.09E-3 —8.05E-5 1.30E-5 16.9 38.4 —-6.2
8 —458E-3 —3.80E-4 —2.62E-5 10.9 12.0 14.5

12 —-540E-3 —4.63E—-4 —3.35E-5 9.6 11.7 13.8

13 -3.16E-3 —1.52E—4 2.84E—6 16.8 20.8 -533

15 —-252E-3 -791E-5 9.18E—6 18.2 319 -8.6

18 —-251E-3 —151E—4 —3.04E-6 17.7 16.6 49.8

TABLE 5

Errors for u = uy on the ellipsoid S#1 with use of the exact solid angle Q = 2.

N llur —uinlloo _ Ratio
8 9.75E—-2
32 1.35E-2 7.24
128 3.26E-3 4.13
512 4.37TE—4 7.45

of the maximum error at the node points {v,} with u = u; on S#1, with Q(v;) = 2 at all
node pomts Note that now the error is 0(8 »)» wWhich is worse than the convergence rate of
o v log SN) predicted by Theorem 3.1 for the solution u .

The use of the approximation (43) forces a favorable cancellation to occur when forming
the discretized linear system (41). Another way of looking at what is happening is the follow-
ing. The matrix of coefficients (41) is forced to have 47 as an eigenvalue, with the eigenvector
being the vector with all components equal to 1. This makes the discretized system exactly
like the original integral equation (5), in which the function #(P) = 1 is an eigenfunction of
the left-hand side of (5), with the eigenvalue being 4.

It is clearly preferable to use the approximate solid angle rather than the exact one. The
cost of using the approximation (43) is minimal, since all quantities used have been calculated
in setting up the linear system (41).

4.4. The interior Dirichlet problem. We solve the integral equation (2) for the interior
Dirichlet problem, using the same procedures described above for the exterior Neumann
problem. To complete the solution process, we must then calculate numerically the integral (1).
Letting pn denote the approximate density function thus obtained, we must evaluate

1
(54) uN<A)=pr(Q) [IA QI]dSQ, AeD.

From [8], the rate of convergence will be O (8 ) when the quadrature is based on standard
symmetric numerical integration rules over the unit simplex with a sufficiently high degree of
precision, e.g., the rules (16) and (17).

Expand the integral in (54) as

“ 1
(55) D (Q) [ ]dS.
;/ N laA-0g1]""™

The triangulation {A g} used here need not be the same as the one used in obtaining gy, but
the two triangulations should be compatible in the sense that one is a refinement of the other.
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For those triangles A which are close to the field point A, the integration should be done
with more accuracy than for those triangles which are relatively far from the field point.

It has been our experience that the density function py can be relatively inaccurate and
quite acceptable accuracy in the solution uy(A) can still be obtained. The accuracy in the
solution uy depends much more on the accuracy of the numerical integration of (55) than on
having high accuracy in py. This should not be especially surprising since it is well known
that integration is a “smoothing” operation and the effect of errors in the integrand, including
pn, are reduced. Extended examples to illustrate this are given in the technical report [4], and
we omit them here for reasons of space.

5. Collocation on piecewise smooth boundaries. As in §3, we first analyze the collo-
cation method (27 + PyK)pn = PnS f for (5) by assuming the exact representation of the
surface is used in all integrations; following that, we analyze the effect of using a quadratic
interpolatory representation of the surface. For polyhedral boundaries, there is no need to
approximate the boundary, and these are the cases analyzed in [10] and [17].

As in [2], we use a stability analysis based on Wendland [23]; then as in §3, we analyze
the discretization error for the iterated collocation solution

R 1
onN = *2—(8 — Kpn)-
T

In [23], a piecewise constant collocation method is defined and analyzed. The proofs given
there generalize easily to our collocation method based on quadratic isoparametric interpola-
tion. In his paper, Wendland makes several assumptions about the piecewise smooth surface S,
in addition to those described in §2. Assumption V3 of his paper states that at all points of S,
either the inner or the outer tangent cone must be convex; assumption V4 states that all edges
of S must be piecewise continuous and must not contain any cusps. Within this setting, it is
straightforward to prove the following theorem.

THEOREM 5.1. Let S satisfy the assumptions given above and earlier in §2; and let S

also satisfy the assumptions V3 and V4 of [23], as discussed above preceding the theorem.
Moreover, assume

5
(56) =sup | 2w — Q(P) |< 27.
3 PeS

Let Py denote the interpolatory projection of (12), based on quadratic isoparametric inter-
polation over the triangulation {Ax | K = 1,..., N}. Then for all sufficiently large N, say
N > Ny, and for some ¢ < 00,

(57) Iz + Pyl <e, N =N
Moreover, this implies that

(58) Ier +KPW ' <e,  N=Ng
for the error

(59) lo—pnll < O@).

Proof. We refer to the derivation in [23]. Essentially, the problem of analyzing
Qn + PvK)pny = Png is divided into two parts. Begin by decomposing the surface S
into two subdomains based on distance to an edge or vertex of S. Let T denote the union of
all edges and vertices of the surface S. For a given € > 0, let

Si={P eS| dist(P,T) <€}
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and let S, be the closure of S — S;. Consider spaces C(S;), i = 1,2, and define integral
operators K;; : C(S;) — C(S;) by

. b 1
(Kijp)(P) = Lj p(Q)EE [F-_—Q—l] dSo + [2m — Q(P)lp(P), P € S, p € C(S)).

The final term [27 — Q(P)]p(P) needs to be included only when i = j = 1. For (i, j) #
(1, 1), the operators K; j are compact.

Define X = C(S;) @ C(S;). Then the original boundary integral equation (5) for the
exterior Neumann problem, (27 + K)p = S f, and the collocation equation for its solution,
2n + PyK)py = PyS f, can be reformulated, respectively, as

27 + K Kiz b | | &
Ko 2n + K 02 & |’
(60) 2 + PinKiy PinKi2 pN | _ | (Pngh
PanKay 2w + Pon Ko 02N (Png) |-

We assume that the interpolation operator Py is defined so that Py o | S; depends on p at only
the node points within S;. Then we can define P; : C(S;) — C(S;) by

61 Pinp =Puap | Si, p € C(S), i=1,2.

Using the methods of [23], it is straightforward to show that if € is chosen sufficiently
small, then 27w + KCq; : C (Sl)—m:—t:?C (S81), and moreover, for all sufficiently large N,

(62) I@2r +PivnKi) ™' < ¢ < o0.
Using this, operate on (60) and (61) to obtain

1 Qr + ’Cu)_lK:u L1 — Qr + ’Cll)_lgl
%ICzl I+ ﬁ’czz P2 71,782 '

I Q2 + PivnKi) ' PivKrz PIN
%'PzNKJm I+ —Zl;PzNICn PN |’

_ [ Qr +PinKi) N (Pivg ]
5= (Pang)2 '

We write these equations in the simpler forms
(63) I+H)p =r, (I +Hn)pn = 1N,

respectively, with 5 = [p1, p217, Ax = [oiv, p2n].

The operator H : X — X is compact and the family {Hy} is a pointwise-convergent and
collectively compact family, converging pointwise to . With the known invertibility of 27 +K
on C(S), we can obtain the invertibility of 7 4+ H. Using the theory of collectively compact
operator approximations, we have the existence and uniform boundedness of (I 4+ Hy)~! for
all sufficiently large N; this leads directly to the result (57) asserted in the theorem. The result
(58) follows from the identity (21) given earlier.

For convergence of the collocation solutions {oy}, the standard result

1
(64) o= pnlloo < S—Il2m + P e — Pyplloo

implies ||p — pyllo = 0(313\,) from the bound (13) for interpolation error. a
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The condition (56) and the other assumptions of [23] on the solid angle are quite restrictive,
and it is clear from the numerical examples that they are not necessary in practice. Other
somewhat less restrictive assumptions on S are given in [14], [15], [17]-[19], but for our proof
of stability, we still require (56). Our results on rates of convergence assume only the stability
results (57) and (58), and do not depend on how they are obtained. Other tools for proving
stability are given in [10] and [12], and it may be possible to adapt them to our use of piecewise
polynomial isoparametric interpolation. Again, they consider only polyhedral surfaces and
thus do not need to approximate the surface.

We cannot show superconvergence of gy at the node points (which was shown in Theo-
rem 3.1 for S a smooth surface.) For S only piecewise smooth, X is no longer a smoothing
operator, and that appears to prevent superconvergence.

5.1. Using the approximate surface. In practice, we solve the linear system (41), which
uses the approximate surface Sy. We also approximate the solid angle 2(P) by the quantity
Qn (P) defined in (43).

THEOREM 5.2. Let S be a piecewise smooth surface, and let P be a node point on S. Then

Q(P) — Qn(P) = 0(3%).

Proof. We first compute the error contributed by A g which contains P. Without loss of
generality, assume P = mg(0, 0). Let

P = (p1, p2, p3) = mk(0,0) = mg(0,0).
We break error over Ak into two parts:

P —mg(s,t)

E, = D D —_—
1 fa[( smg X Dimg) P —mrG.D P

P —I’AV;K(S, t)

6 — (Dsm Dme) s — 277
(65) (Dsmg x Dim) P —mrG.OT

]dsdt

and

~ ~ P'-*I”;IlK(S,t)
E, = Dy D [ A
2 /6[( mg x Dimg) P —mrG.0) P
~ ~ P_~ ,t
(66) — (Dgfiig x Difitg) (s, ] :

| P—mg(s,t) P
‘We now manipulate the first part of the integrand of (65).

P—mg(s,t)

D 1 D )
(Dsmi (s, 1) X Dimg (s, 1)) P —mrG.0) P

2.3 3,2 3.0 _ 1 1,2 _ 251 1 2 3
) = (2x3 — x3x2, 3x) — xlx}, xlx? = x2x]) - (py — x1, pp—x2, p3 —x3)

[(p1 —x1)2 + (p2 — xB)2 + (p3 — x3)?P/2

Using the Taylor error formula for the x' about (s, t) = (0, 0), the numerator of equation (67)
becomes

2.3 3.2 3.1 1.3 1.2 2.1 1 2 3
(xxxt T XXy XXy T XXy, XXy —xsx;)'(pl_x y P2 — X7, P3"‘X)

= (xlx? = 223 253 +1203) + (23 — xPxD) (x4 2stx), + 17x))
+ 2x} — xlx)(s%x% + 2stx2 + 12x%) + 0(37() .
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Computing the corresponding part of the second term of (65) with the same formula as
we had above, we get

(Dsmg x Dihig) - (P —mg(s, 1))
= (x,le — x,zxsl)(szxfs + 2stxs3, + t2x,3,) + (x,zxs3 - x?xf)(szxsls + 2stxs', + t2x,1,)
(68) + (3x) — x1 a2 (s%xE + 2stx? + 12x2) + O(Sf{).

Thus,

(Dsmg x Dymg) - (P — mg(s, 1)) — (Dsfig x Difiig) - (P — g (s, 1)) = O(8).

Expanding each x' about (0, 0), the denominator of (67) is

[(p1 — x4 (p2 = ¥+ (p3 — D72 = 08k 7).

Then,
(Dsmg x Dymg) - (P —mg(s, t)) — (Dsig x Dyig) - (P — hig(s, 1)) do
o | P—mg(s,0) |
69 = 0(%).

Note there are at most six triangles containing the node point P, and the total error contributed
from the A g’s which contain P is 0(3?().
To analyze E,, we need to know the error from the following:

1 1
llP“mK(s-t) PP —aik(s,n) P
- \ 1 1 1
T I P—mgG.)| | P—mg(s, ) || || P—mk(s,0)
1 1

T TP e 0 DA P =ik D | 1P =G0 P
< 0@x) 0B = 0@,

Then, from the above result and (68), we have the following error analysis for E,:

(70) | P—mg(s.t) P | P—mg(s,0) 3

do| < 0@ - 0(%) = 0.

~ ~ ~ 1 1
/(DsmK x Dimg) - (P —mg(s, 1)) [ - ]

Combining (69) and (70), we complete the proof of the first step, for Ag containing P.
Consider errors contributed by all Ag for which P ¢ Ak . Since P ¢ Ak, we can again
treat the function 1/ | P — mg(s, t) | as a smooth function. This proof will have two parts,
as for that of Theorem 3.1, and we use results from the latter. Let dg, d, and r be the same
as in Theorem 3.1.
Decompose the second part of proof as E; and E;, the same as above in (65) and (67),
respectively. In the previous part, we assumed that P = mg (0, 0); and we now assume

P #£mg(s,t) V(s,t)eo.
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Expand each x’ about (s, t) = (0, 0) and compute

(Dsmg x Dimg) - (P —mg(s. 1)) — (Dshig x Diiig) - (P — g (s, 1))
= EA(s,t: D — 01, 13 — D)) + ES(s. £; D — D1, B3 — 0) + O (8%).
E4 is a homogeneous polynomial of degree three in s and ¢, and its coefficients are

0(64 dg). Integratmg E4 over o yields zero. ES is also a polynomial in s and ¢. Its
coefficients are 0(8 % )» and ES5 has the “odd function” property

E5(s, t; —(U2 —01), —(U3 — V1)) = —ES5(s, t; U — V1, V3 — 1)

Thus, cancellation occurs.

When examining E;, we need to expand the function | P — mg (s, t) |~3 about (s, 1) =
(0, 0). Then we obtain

(Dsmg x Dymg) - (P —mg(s, 1)) — (Dsmg x Dimg) - (P —mg(s, 1))
| P—mg(s,t) |3

3 E4+ E5+ 0(8%)
T (1 = x1(0,0))2 + (p2 — x2(0, 0))2 + (p3 — x3(0, 0))2]3/2
B
an —w4+m+06bk+oc§)
K

where e is a polynomial in s and ¢ and 1ts coefficients are o K/d ). Integrating (71) over
o, the error contributed by each A is 0(8 K /d )+ 0(8 X /d ). Then, using earlier methods,
the global error E; can be shown to be 0(6 ).

For computing E,, we first calculate

1 1
[P —mg(s,0) P | P—nig(s,1) 3
< |rm o1 [
= |1P=mg.t)|  |P—mg@ || | [P =—mg(s,0)?

1 1

72 ~ — .
7 +(IP—mK(s,t) DCI P —mg(s,t) I)+ | P —mk(s,1) |?

Using (40), (72)is O (8 X /d )-0Q /d =0 (8 X /d ). Therefore, the integrand of E; is

1 1
[ [P —mk(s, )} | P—fig(s, 1) |3]

%) _ o (%
< O(SK) O(dg) - O(d“) = O(E)

Thus, the error contributed by each A is 0@ X /d ), and Ej is of order two. This proves the
theorem. An almost identical proof also shows the result (49) used in the proof Theorem 3.5;
we omit the details. o

The above theorem shows the difference between the value of the solid angle and the
approximate value of the solid angle. ThlS result is not as good as desired. For smooth
surfaces, the empirical rate seems to be O (8 %), from the example of Table 1 and other similar
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examples. But the empirical results for piecewise smooth surfaces, given in the following
section, do not clearly indicate a convergence rate.

THEOREM 5.3. Let S be a piecewise smooth surface, satisfying the assumptions of §2,
the hypotheses of [23] as descried earlier, and the solid angle assumption (56). Let p be a
solution of (2) or (5), with p € C(S) N C‘igSj), j = 1,..., J. Let py be the solution of the
system (41) which uses the approximation Sy for S. Then

N — B(v) | = 0082
max [ p(vi) —pn(vi) | = O(8y).
Proof. This is proven by combining the techniques used in the proof of Theorem 3.5,
together with the results of Theorem 5.1 for the collocation method for (2) or (5) when the
original surface S is used. We omit the details 0

6. Numerical examples: Piecewise smooth surface case. The collocation integrals
in the linear system (41) were evaluated with the same type of numerical integration used
when S was a smooth surface. The two-grid iteration method for solving the linear system
required a modification from that used for the smooth surface case, and this is explored in [6].
Below we give examples for several piecewise smooth surfaces to empirically study the rate
of convergence of the projection method and illustrate some of the results of §5. Since we are
solving (5), we replace p with u.

Note that in our examples, the true solutions u( P) are all smooth functions when P is off
the boundary, and they are piecewise smooth on the boundary. In contrast, the presence of a
piecewise smooth boundary usually leads to solutions that are ill behaved in a neighborhood
of all edges and corners of the surface S. To deal with such solutions, a graded triangular
mesh is needed. A theory describing the form of grading needed for Galerkin’s method has
been developed recently in [10]; a theory for collocation methods is described in [17]. These
results are all limited to polyhedral boundaries.

6.1. The surfaces. We describe three surfaces, two of which are polyhedral. The first
surface (S#1) is an elliptical paraboloid with a cap:

(§>2+(%)2=z, 0<z<cg,

x\2 y 2
(;) +(z) =6 z=c
The second surface (S#2) is the tetrahedron

Y
b

The third surface (S#3) is an “L-block,” described as follows. Define

x z
{(x,y,z)|—+ +-<1 x,y,z20].
a c

Lo = [0,1]x[0,2]U][0,2] x [0, 1] C R?,
Dy =[0,1] x Ly C R?,
D = {(ax»b}’,CZ) | (x1 Y, Z) € DO},

and let S be the boundary of D. With all three surfaces, the constants a, b, and c are positive.

Surface #1 was chosen to illustrate the use of a curved surface, so that the use of the
interpolatory approximate surface S would be nontrivial. Surface #2 encloses a convex region
and all boundary points satisfy the hypotheses of [23] although the angle assumption (56) is
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TABLE 6
Solid angle approximations on an elliptical paraboloid at selected v;.

i Q(v;) E1l E2 E3 E4
1 2 2.35E-3 —8.43E-6 1.52E-8 —2.30E-8
2 =2 1.28E—1 1.99E-2 9.08E-3 3.33E—-4
6 2 1.92E-2 -7.82E-7 1.16E-8 —8.07E—8
7 2 6.51E—1 5.69E-2 —-395E-4 —2.59E-3
8 /2 2.56E—1 1.59E~-1 4.08E—-2 1.00E—-2
15 2w 1.69E—~1 —1.72E—4 4.80E—8 1.38E—-7

not satisfied. Surface #3 is also polyhedral, but now it encloses a nonconvex region. Moreover,
some of the angles on the surface do not satisfy the assumption V3 of [23]. (V3 states that at
each point of the boundary, either the interior or the exterior tangent cone must be convex.) For
example, the tangent cones at (x, y, z) = (0, 1, 1) and (1,1,1) do not satisfy V3. Working with
S#3 allows us to test whether or not the assumption V3 is necessary empirically. However,
this surface does satisfy the assumptions of [14], which extends the earlier results of [23] to a
slightly larger class of surfaces, albeit in a modified function space.

6.2. The solid angle. We again use the approximation (43) to approximate the interior
solid angle €2 (v) at points v € S, thus forcing all rows of the coefficient matrix for the linear
system (41) to equal 4. Results for an elliptical paraboloid (S#1) are given in Table 6 at the
following representative nodes:

v; = (0,0,0), v =(2,0,1), ve = (0,0, 1),
v = (1,0, .25), vg = (V2,/2. 1), vis = (1,0, 1).

The parameters used for the surface were (a, b, ¢) = (2, 2, 1); and the integration parameters
were N, = 10and Ny =0, 1, 2, 2 for N = 8, 32, 128, 512, respectively.

In Table 6, some of the entries have a rapid decrease in size as N increases, and then the
error stops decreasing and remains around 10~7 to 1078, It seems likely that the latter is due
to the limited accuracy in the numerical integration method, although we have not tested this.
In general, there appears to be no pattern to the rate at which the error decreases. The case of
Q (vg) is of interest since the error in this case is much larger than for the other cases, again
for unknown reasons. According to Theorem 5.2, the errors should converge with a rate of at
least 0(:3?\,), but this seems to be the case only for the node vg.

The results for a polyhedral surface were much better. Table 7 contains results for the
L-block (S#3) at the following representative nodes:

v; = (0,0, 0), v7=(0,0,1), v = (0,1, 1),
(73) vi7 = (5,0, 1.5), v = (.5,0, 1.5), v33 = (.5, 1, 1.

There is no approximation of the surface in this case, and thus all errors are due to the numerical
integration being used. The resulting errors are very small.

The parameters for the L-block are (a, b, ¢) = (1, 1, 1); for the integration parameters,
weused N; =0, 1, 2 for N = 28, 112, 448, respectively. Note that in this case, there are no
singular integrals because the double-layer kernel function K (P, Q) is identically zero when
P and Q belong to the same planar surface. The columns E'1, E2, and E3 denote the errors
at the given v;, for N = 28, 112, 448, respectively.

6.3. Solution of the exterior Neumann problem. We begin with the solution of (3) for
the elliptical paraboloid (S#1). The problem (3) was solved with the normal derivative f
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TABLE 7
Solid angle approximations on an L-block at selected v;.

i Qv;) El E2 E3

1 /2 —-981E—~5 —239E-6 —2.30E-8

7 b4 3.59E—4 3.95E—-6 3.40E—8

9 3m/2 5.60E—4 5.53E—6 4.10E-8
17 2 1.88E—2 2.88E—6 —442E-7
20 2 —1.87E-2 1.03E—6 —-3.72E-7
33 3 —3.36E-2 1.01E-5 —6.68E—7

TABLE 8

Maximum errors on an elliptical paraboloid.

N llui —uinllo  Ratio  |luz —uanllo  Ratio
8 2.89E-2 6.87E—2
32 7.26E-3 3.98 1.32E-2 5.23
128 2.75E-3 2.65 4.47E-3 2.94
512 8.73E—4 3.15 1.46E—-3 3.06
TABLE 9

Errors uy — uyn at the selected points (74) on an elliptical paraboloid.

~

E2 E3 E4 E1/E2 E2/E3 E3/E4
—650E—3 —2.12E-3 —487/E—4 445 3.07 435
—~1.62E-3 —3.16E—4 —40IE-5 149 5.13 7.88
—726B-3 —121E-3 —139E—4 107 5.99 8.71
—6.05B-3 —928E—-4 —1.19E—4 292 6.16 8.23
—245E-3 —442E-4 —569E-5 175 5.53 7.6
~523E-3 —8.15E—4 —9.19E-5  0.80 6.42 8.87

W0 AN =

—

chosen from the true solution u. The two cases used were
i 1
ui(x,y,z) = o ux(x, y,z) = - exp(x/r?) cos((z — 3¢)/r?),

with r =| (x, y.2) = (0,0, 30) |.

Table 8 contains the maximum errors at the node points, for (a, b, c¢) = (2, 2,2). The
integration parameters used were N, = 10 and Ny = 0, 1, 2, 2 for N = 8, 32, 128, 512,
respectively. To better understand the behavior of the error, Table 9 contains the errors for
uy at the following representative vertices v; :

v = (0,0, 0), vy = (4/8,0,2), ve = (0,0,2),
(74) v = (v/2,0,.5), vg = (2,2,2), vis = (v/2,0,2).

The nodes v, and vg are on the edge at z = 2, the nodes v, and vg are on the lateral subsurface,
and the nodes v¢ and v;s are in the interior of the top subsurface. Again, the notation E1, E2,
E3, E4 denotes the error for N = 8, 32, 128, 512, respectively. R

On the basis of Table 8, the rate of convergence might be either O (§y) or O (78\,2\,), although
Theorem 5.3 implies that the order of convergence should be at least 0(73%,) when the true
solution u(P) is a smooth function on each smooth section of the surface S. By examining
the errors given in Table 9 at a representative set of node points, it seems likely that the order
of convergence for ||u — uy || is higher, probably 0(32,).

We give results for the simplex S#2, with (a, b, ¢) = (3, 3, 3). The Neumann data f was
chosen from the true solutions

1 1
mGxy, ==, wx,y,2)=—exp((x - ta)/r¥ cos((z — o) /),
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TABLE 10
Maximum errors on a simplex.

N lly1 —uinlloo Ratio  |luz —uanlio  Ratio
4 4.49E—1 2.17
16 2.16E-2 20.8 7.50E—1 2.89
64 1.08E-2 2.00 1.06E—1 7.08
256 5.79E—4 18.6 1.96E—2 541
TABLE 11

Maximum errors on an L-block.

N ur —uinlloo Ratio fluz — usnllo  Ratio
28 2.58E—2 6.10E—1

112 1.53E-3 16.9 7.56E—2 8.07

448 2.10E—4 7.29 3.69E—3 20.5
TABLE 12

Errors in uyy (v;) at representative points on L-block.

i El E2 E3 E2/E3
1 -751E-3 -7.71E-5 —-3.27E-6 23.6
7 —849E-4 -7.75E-5 —4.19E-7 185.0
9 -983E-3 -38E-4 -170E-5 22.6
17 —111E-3 2.58E—-4 2.06E—-5 12.6
20 7.22E-4 3.88E—4 3.06E-5 12.7
33 —-258E-2 —1.53E-3 —9.26E-5 16.5

withr =| (x,y,2) — 3 La,b,c) |. The integration parameter used was N; = 0, 1, 2, 3 for
N = 4, 16, 64, 256, respectively. No singular integrations were needed because the surface
was piecewise planar for the reasons discussed above in connection with the computation of
the solid angle for the L-block.

The results are given in Table 10 After analyzing them, one can say only that the order of
convergence seems to be at least 0(8 %)- From Theorem 5.1, the error in this case is 0(8 N
provided the stability result (57) is known to be true.

The third set of examples is for the L-block, with (a, b, ¢) = (1, 1, 1). The true solution
used is

1 1
mx,y, ) ==, wx,y,2) = —exp((x — 3a)/r*) cos((z ~ 10/,

with r =| (x,y,2) — %(a, b,c) |. The integration parameter used was Ny = 0, 1, 2 for
N = 28, 112, 448, respectively. No singular integrations were needed because the surface
was piecewise planar, for the reasons discussed earlier. The maximum errors at the node points
are given in Table 11. Table 12 lists the errors at the individual nodes of (73) to give a more
complete picture of the behavior of the error. The quantities E1, E2, E3 represent the error
for N = 28, 112, 448, respectively.

From Theorem 5.1, the error in this case is 0(8 x)» provided the stability result (57) is
known to be true. The errors in Table 11 are insufficient to predict an order of convergence,
although it appears to be o %) or faster. From Table 12, the errors appear to be of order
0(8 ), if one is to choose an integer power for the order. Recall that this surface does
not satisfy the assumption V3 of [23] (the point vy violates the assumption). Clearly, our
results indicate that this assumption is an artifact of the method of proof and is unnecessary
in practice.
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